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Name and surname of the authors

TITLE — INSTRUCTION FOR AUTHORS
SUBMITTING THE PAPERS FOR BULLETIN

Summary

Abstract should be written in clear and concise way, and should present all the main
points of the paper. In particular, new results obtained, new approaches or methods applied,
scientific significance of the paper and conclusions should be emphasized.

Keywords and phrases:

1. General information

The paper for BULLETIN DE LA SOCIETE DES SCIENCES ET DES LETTRES
DE LODZ should be written in LaTeX, preferably in LaTeX 2e, using the style (the
file bull.cls).

2. How to prepare a manuscript

To prepare the LaTeX 2e source file of your paper, copy the template file instruc-
tion.tex with Figl.eps, give the title of the paper, the authors with their affilia-
tions/addresses, and go on with the body of the paper using all other means and
commands of the standard class/style ‘bull.cls’.

2.1. Example of a figure

Figures (including graphs and images) should be carefully prepared and submitted
in electronic form (as separate files) in Encapsulated PostScript (EPS) format.

TD

Fig. 1: The figure caption is located below the figure itself; it is automatically centered and
should be typeset in small letters.

2.2. Example of a table

Tab. 1: The table caption is located above the table itself; it is automatically centered and
should be typeset in small letters.

Description 1 | Description 2 | Description 3 | Description 4

Row 1, Col 1 | Row 1, Col 2 | Row 1, Col 3 | Row 1, Col 4
Row 2, Col 1 | Row 2, Col 2 | Row 2, Col 3 | Row 2, Col 4
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2.3. “Ghostwriting” and “guest authorship” are strictly forbiden

The printed version of an article is primary (comparing with the electronic version).
Each contribution submitted is sent for evaluation to two independent referees before
publishing.

3. How to submit a manuscript

Manuscripts have to be submitted in electronic form, preferably via e-mail as attach-
ment files sent to the address zofija@uni.lodz.pl. If a whole manuscript exceeds
2 MB composed of more than one file, all parts of the manuscript, i.e. the text
(including equations, tables, acknowledgements and references) and figures, should
be ZIP-compressed to one file prior to transfer. If authors are unable to send their
manuscript electronically, it should be provided on a disk (DOS format floppy or
CD-ROM), containing the text and all electronic figures, and may be sent by reg-
ular mail to the address: Department of Solid State Physics, University of
Lodz, Bulletin de la Société des Sciences et des Lettres de L6dz, Pomorska
149/153, 90-236 L6dZ, Poland.
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Preface

Professor Julian Lawrynowicz, born in 1939 in Lo6dz, graduated in physics and
mathematics at the Faculty of Mathematics, Physics and Chemistry of the Univer-
sity of Lodz in 1960. He gained the PhD in mathematical and physical sciences in
1964 and the degree of habilitated doctor in 1968. In 1976 Julian Lawrynowicz was
appointed extraordinary professor, and in 1992 ordinary professor in mathematics.
The scientific interest in the field of mathematics and physics includes complex anal-
ysis, Clifford algebras, fractals, field theory and some aspects of solid state physics.
Professor Julian Lawrynowicz is recognized as a very active researcher with a rich
scientific output and many contributions in the international conferences. In the
period 1972-2002 he served in the Institute of Mathematics of the Polish Academy
of Sciences as the Head of the Department of Complex Analysis and Differential
Geometry.

Professor Leszek Wojtczak, born in 1939 in Gozdéw, graduated in physics and
mathematics at the Faculty of Mathematics, Physics and Chemistry of the University
of 1.6dZ in 1961. He gained the PhD in mathematical and physical sciences in 1964
and the degree of habilitated doctor in theoretical physics in 1969. In 1976 Leszek
Wojtczak was appointed extraordinary professor, and in 1985 ordinary professor in
physics. Employed in the University of Lodz since 1961 Professor Leszek Wojtczak
organized research in the field of solid state physics, in particular on topical problems
of surfaces and thin films, and at the same time actively participated in organizing
the research group in theoretical electrochemistry of superficial layer properties. In
1974, he created the Department of Solid State Physics and headed it till 1999.
Besides his research achievement confirmed by many publications in journals of
high international standard, Professor Leszek Wojtczak took various administrative
functions, was elected vice dean and dean of the Faculty of Mathematics, Physics
and Chemistry, prorector and rector of the University of £.6dz, as well as the first
president of the Polish Universities Rectors Conference.

For the first time They met each other in 1954 as pupils participated in mathe-
matics contest and since then their private and professional life interweave. Common
interests, with physical problems formulated by Professor Leszek Wojtczak and the
use of appropriate mathematical methods by Professor Julian Lawrynowicz resulted
in several tens of joint publications. The important aspect of Professors collabora-
tion is connected with the social scientific service in the ¥.6dZz Society of Sciences
and Arts.

In 2014 we celebrated 50th anniversary of PhD degree received by Professors
Julian Lawrynowicz and Leszek Wojtczak. To commemorate this jubilee, the ¥.6dZ
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Society of Sciences and Arts offered a special issue of Bulletin de la Société des Sci-
ences et des Lettres de £L6dz (Série: Recherches sur les Déformations). The present
collection of papers dedicated to Professors Julian Lawrynowicz and Leszek Wojtczak
and submitted by their colleagues and coworkers, who spontaneously answered to the
proposal of this edition, reflects their stimulating role in the development of different
scientific subjects as well as in conducting the fruitful scientific cooperation.

The authors of the presented contributions and myself would like to congratulate
Professors Julian Lawrynowicz and Leszek Wojtczak on this glorious jubilee and
express our worm greetings.

Ilona Zasada

[14]
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Ryszard Taranko and Tomasz Kwapinski

ELECTRON DYNAMICS IN QUANTUM QUBIT INTERACTING
WITH TWO SINGLE ELECTRON TRANSISTORS

Summary

We investigate theoretically the qubit in the form of the double quantum dot (QD)
coupled electrostatically with two detectors composed of single electron transistors. The
equation of motion method for the appropriate correlation functions with the special de-
coupling procedure for higher-order functions was used in the calculations of the QD occu-
pancies and the current flowing in detectors. We have considered the qubit dynamics in the
presence of different types of perturbations imposed on both detectors, i.e. for the constant
and harmonic perturbations of the detectors QD energy levels. It was shown that the qubit
oscillations of the qubit being already in the stationary state can be restored using the
abrupt short-time perturbations acting on both detectors QDs. We have found that in the
case of harmonically driven detectors QDs energy levels the qubit QD occupancy oscillates
with the perturbation frequency for sufficiently long time after the perturbation has been
applied. However, for shorter time we have observed overlap of these oscillations together
with the damped oscillations of a free qubit.

Keywords and phrases: qubit, double quantum dot, single electron transistor, decoherence

1. Introduction

The progress in nanotechnology and the research on quantum computing have mo-
tivated interest in both theoretical and experimental studies of the electron dynam-
ics in different quantum dot (QD) systems. The transient and steady-state electron
transport through various configurations of QDs coupled with leads was investigated
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in the literature , e.g. [1-14]. The simplest quantum mechanical system which plays
an important role in quantum computation is the double QD (DQD), the so-called
qubit, in which a single excess electron occupies the ground state of either one dot or
the other. In order to analyze the qubit dynamics (time-variations of the qubit QDs
occupancies) we should perform the measurements using some external nanoscopic
device. The qubit is usually placed in close proximity to the charge sensitive detector.
The current flowing through such a charge meter depends on the occupancy of the
nearby qubit QD. Detectors can be realized in the form of a quantum point contact
(QPC) [15-24], a single QD placed between two leads (the so-called single electron
transistor (SET)) [25-27], a DQD in a linear or vertical configuration between leads
(the so-called double-dot detector) e.g. [22,28-30], see also [31]. In most hitherto
studies the detector electrons interact with the qubit electron localized on the qubit
QD being in close proximity to the detector. In this case the second qubit QD is not
coupled with the environment so the interaction between the qubit and the detec-
tor is strongly asymmetric. The environment proximity is responsible for the qubit
decoherence processes (vanishing of the qubit electron oscillations). Asymmetrical
qubit-detector configuration leads to nonequivalent occupations of the qubit QDs
which strongly disturbs the qubit decoherence and is often non-physical.

In this paper we study the interaction between the qubit and the environment in
the form of two SETs placed symmetrically on both sides of the qubit (see Fig. 1). In
such a case the qubit electron interacts all time with the environment independently
of the electron localization on the first or the second qubit QD — the qubit-detector
interaction is fully symmetrical. Such a configuration of the qubit between two detec-
tors (in the form of two SETs) allows us to check the accuracy of the approximations
done in calculating of the required quantities. As the qubit-detectors interaction is
described by the Coulomb electron repulsion, in order to solve the electron transport
problem or calculate the QDs occupancies one is forced to assume some approxima-
tions. For the setup considered in this work, the asymptotic occupations of the qubit
QDs should be equal to one-half and such a result should be obtained using reliable
approximations. Our calculational procedures fulfil this requirement. In this paper
we concentrate on the effect of the environment in the forms of two independent
SETs on the qubit dynamics, and calculate the qubit QD occupancy and its depen-
dence on the external perturbations. We analyze also the detector currents flowing
in both SETs which are related with the qubit electron oscillations. In our calcula-
tions we use the equation of motion (EOM) approach for the appropriate correlation
functions.

The outline of this paper is as follows. In Sec. 2 we present the model and derive
the set of differential equations for the appropriate correlation functions describing
the QD occupancies and the current flowing through the system. Section 3 is devoted
to the presentation of the numerical results for the qubit charge oscillations and their
reaction to some modifications of the qubit environment and finally we conclude in
Section 4.
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m?lJZ'
Fig. 1: The sketch of the qubit coupled electrostatically with the upper and bottom SETs.
Both quantum dots (1 and 4) between the left and right electron reservoirs stand for
the qubit charge detectors. Qubit is represented by two coupled quantum dots (2 and 3)

occupied by a single electron. Straight (zig-zag) lines correspond to tunnel matrix elements
(Coulomb interactions, U1, Uz) between the appropriate states.

2. Hamiltonian and formalism

We consider the qubit in the form of the DQD coupled electrostatically with two
SETs as depicted in Fig. 1. The Hamiltonian can be written as H = Hgppri +
Hspro + Hyupit + Hyubit—sETs, Where

_ + + (9 .+
(1) Hsgr; = g EakCopCak +€5C) Cj + E Vi akcl + h.c.,
k,a:Lj,Rj k‘,(l:Lj,Rj
(2) Hywpir = Z 62‘02_01' + V2303_C3 + h.c.,
i=2,3
_ +. .+ + .+
(3) Hyupit—-sers = Uicl cicy co +Uscsezeyca,

where j = 1,2 and [ = 1(4) for j = 1(2). The operators ¢;(c;") are the creation (an-
nihilation) operators of electrons localized on i—th QD, i = 1,2,3,4 and c:a(c;m)
are the corresponding operators describing the electrons with k—wave vectors con-
tained in the a-th lead (o« = L1, Lo, R1, R2). The electron energy spectrum of the
a-th lead is characterized by e,k and ¢; denotes the energy level of i—th QD. The
interdot tunnel matrix element in the qubit is denoted by Vo3 = V and V(k) describes
the coupling between a-th lead and I-th QD. U; and U, stand for the correspond-
ing Coulomb interactions between electrons localized on the qubit and SET QDs,
respectively. All parameters, eqx, £;, V, and V(k) can be time-dependent.

In order to describe the qubit dynamics, the knowledge of the qubit QDs occu-
pancies and the currents flowing through both SETs are required. We calculate them
using the EOM method for appropriate correlation functions. In general, the current
flowing e.g. from the a—th lead can be written as (e.g. [1])

(4) jalt) = —ie([H,N,]) —QeImZ VO ) (e (B ean(t))
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where N, = 3", ¢, car and the Heisenberg picture is used. Here (...) denotes the
quantum-statistical average and the index [ identifies the QD coupled with the a-th
lead. Using the exact representation for c,x(t), e.g. [12]:

Cak(t) = car(0)exp (i/ot dtleak(tl))
(5) —i /O t dty VD" (1) exp (_ / t dtgsak(t2)>cl(t1),

t1

the current j,(t) can be written as follows:
t

(6) ja(t) = 2eIm (sg>(t> —~ z/ dthg”(t,t1)<cl+(t)cl(t1)>> :
0

In the above relation the integral kernel K, (¢, t1) and S&l)(t) functions are expressed
by:

@ SO0 =Y VO Wexp (— [ dhea(tn) ) (e Oear ()
S v we (- [ ducast) e 0

(8) KUt t)) = [V Pug (t)ue (t1) exp ( / t dt’Aa(t’))Da(ttl),

t1

where VOEQ (t) = Vé?ua(t), D, (t) denotes the Fourier transform of the a-th lead
density of states and we have assumed VOEQ = V(El). The function u,(t) is respon-
sible for the initial switching on the couplings between leads and SET QDs, i.e.
uq(t) = 0 for t < 0 and uy(t) # 0 for ¢ > 0. Formula 6 for the current is valid for
the time-dependent a-th lead electron spectrum e, (t) = sgk + A, (t) and can be
used for describing the behaviour of the considered system in the case of the time-
dependent bias voltage. In the following we consider the case for which the lead
energy bandwidth is the largest energy in the system and the so-called wide—band
limit (WBL), e.g. [37], is a good approximation in calculating the integral in Eq. 6.
Now the formula for the current becomes local in time and the second term (with the
time integral) is reduced to z%(nl (t)) where T =2 ok |VOEQ 2u?(t)d(e — €2,).

The current formula requires the knowledge of the QD occupancies, (n;(t)) =
ni(t), and the correlation functions (¢} (¢)car(0)). For the QD occupancies within

J
the EOM method and WBL approximation we obtain:

W p@
) +T
(9) %nl(t) - 2elm{sgl)(t)+5§§f(t)—ilele(t)},
@) | p@
Y +r
(10) %m(t) = zexm{s§t>(t)+5§§;<t)—ﬂ2 5 R2n4(t)},
d +
(11) —ng(t) = 2eIm{V{cy (t)es(t))},

dt
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where we assumed constant values for VOEQ(t), ie. uqn(t) =1 and T'Y is the time in-
dependent. As usually in the EOM method, writing e.g. the equation for (cJ (¢)c3(t))
the higher-order functions appear. Note that only two kinds of functions are present
in the subsequent equations of motion. The first one can be written schematically as
(fu(cf (t),¢;(t))), where f, are the products of the QD electron creation and anni-
hilation operators. These functions, ny, na, n4, (3 cs), (cdcany), (cdesny), (ning),
(c3esning), (nang), (ningny) and (ning) (here for brevity we have omitted the
time-dependence of all operators) satisfy the closed set of differential equations. The
functions of the second type correspond to the averages of a number of QD elec-
tron operators taken at a given time t and leads electron operators taken at the
initial time ¢ = 0. This class of functions is generated by the EOM method used for

<c;r(t)cak(0)> (see Eq. 7) for which we have (e.g. for j =1 and v = Ly):

(1) (1)
(12) w <i€1 - FLI;FRI> (e (H)er,1(0))
+ iU (e (e ),k (0)
+ Y VO O na(t)es, ,(0)eLk(0))

where f/L(ll)q(t) = L(ll)q exp (—i fot dtlaqu(tl)). The function (ng(t)czlq(O)cle(O»
which appears in the above equation, generates the next higher-order functions and,
unfortunately, this is never ending process. In order to terminate this infinite set
of equations, one should assume a truncation procedure. We apply the following
decouplings:

(e 0,5 0)can(0) = (Falel (0 c5() 5 0)cs (0)
(13) = {fulcf (1), ¢j(1)))0apdk,q(nar(0))

(14)  (falef (8),¢;(0)eip(0)egy(0)) 2= (falei (1), ¢;(1))) (e iy (0)ch, (0)) =0,

(15)  (falci (1), cj(t))car(0)csq(0)) (fulcd (), ¢j(1))){car(0)cq(0)) = 0,

where (ny(0)) is the Fermi distribution function for a-th lead electrons taken at the

¢

initial time ¢ = 0. Such approximation preserves the correlation between electrons
localized on different QDs - compare the mean-field Hartree-Fock approximation,
(na(t)ef ()can(t)) — (na(t)){cf (t)can(t)), where such correlations are destroyed.
The method of calculations and decouplings used here are similar to the well known
Hubbard-I approximation although here we have the time-dependent problem cf. [4].
After doing such decouplings of the higher-order functions we obtain the closed set of

equations for the second type functions: (¢} car(0)), (¢ n2car(0)), (cfc5cacar(0)),

<cii_n4c(xk(0)>7 <CTC;C3n4Cak(O)>a <CTCQC§_n4Cak(O)>7 <Cfn2n4cak(0)> (herea as before7
we have omitted time-dependence of all QDs operators), where « = Ly, Ry. The
slightly modified functions appear also for a = Lo, Ro. Finally, the set of 43 differ-

ential equations for the functions of the first and second types is constructed and
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solved numerically for every k—vector used in the corresponding sums SY )(t). The
number of k-vectors taken in the calculations of S{ )(t) usually extends from 501 to
3001 depending on the system parameters. In order to check the correctness of our
calculations we considered a simple qubit-detector system (the qubit coupled only
with one SET detector) and we compared our results with those obtained by other
methods and we found good agreement between them. Thus we believe that the
calculating approach used here can be successfully used also for more complicated
QD systems, see e.g. [26,30].

3. Numerical results and discussion

In our calculation we set h = e = kg = 1 and I' = 1 as an energy unit is assumed
(Tp, =T, =T, =Tx, =T). The current and time are expressed in the units
of 2eI"/h and h/T, respectively. We consider the DQD playing the role of the qubit
(dots 2 and 3) containing one excess electron which interacts electrostatically with
two SETs (see Fig. 1). The qubit electron, depending on which qubit QD is localized,
interacts with electrons flowing through the upper or lower SET QD. The bias voltage
is applied symmetrically to the left and right leads, e.g. for the upper SET we assume
Ky /Ry = 1o £ eVhias /2 where pg = 0 is the chemical potential of the unbiased leads.
Note that for the same bias voltages of both SETs and for U; = U; the system is
fully symmetrical and the asymptotic occupations of the qubit QDs should achieve
the stationary value 0.5. This remark is very useful in testing the approximations
done during our calculations. In our studies we analyze the qubit QD occupation
(qubit oscillations) calculated for different parameters characterizing the system,
i.e. the inter-dot tunnelling couplings, the qubit-SET interaction strength and the
bias voltage in both SETs. In addition, we also present the current flowing in both
SETs and show the modifications of the qubit oscillation, na(t), in response to the
abrupt changes of the SETs QDs energy levels. These studies allow us to find such
experimental setups for which the qubit state is minimally destroyed during the
external disturbances of the SETs QDs.

In Fig. 2 we plot the qubit QD occupation, ns(t), as a function of time and inter-
dot tunnelling amplitude, V53. It is assumed that for ¢ < 0 all detectors elements
are isolated and at ¢ = 0 the couplings between them are switched on. Similarly, up
to t = 0 the qubit electron is localized on the upper qubit QD, nz(t < 0) = 1, and
begins to oscillate at t = 0. The upper and bottom panels correspond to the large
and small bias voltages, respectively. One can observe that the asymptotic values of
na(t) achieve a half filling independently of the inter-dot tunnelling amplitude and
bias voltages, as expected. The decoupling procedure (performed in order to close
the corresponding set of equation of motion for higher-order correlation functions)
is then justified for the considered system. As one can see the qubit oscillations are
evident and the period of these oscillations strongly depends on the qubit coupling
Vas. For very weak couplings the steady-state value of na(t) is achieved very fast in
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N, W g=20,-20

Fig. 2: The qubit QD occupancy n2(t) as a function of time and the qubit inter-dot coupling
Va3. The upper (bottom) panel corresponds to ur, = —pr = 20 (ur, = —pur = 1). The other
parameters are: €1,2,34 = 0, Uia = Usq = 5, PrijLa/riRe = 1 and the initial conditions
are: ni(t) =na(t) = na(t) =0 for t <0 and n3(t < 0) = 1.

comparison with the case of large V53 parameter for which high-amplitude oscilla-
tions are observed. Note, that these oscillations depend also on the bias voltage and
much faster oscillations with smaller amplitudes appear for larger voltages (upper
panel). On the other hand, weak decoherence takes place for smaller voltages (na(t)
oscillations survive longer in time).

Next we analyze the qubit dynamics in the presence of external time-dependent
perturbations which can change the qubit decoherence process. In Fig. 3 we show
the oscillations of the qubit QD occupancy and its reaction to the short-time distur-
bances of both SETs. At the specific time moments (here at ¢ = 60 and ¢t = 90) the
SETs QDs energy levels are abruptly changed (by applying the bias voltage to the
appropriate QDs) for a short time from ; = &4 = 0 up to e; = 10 and 4 = —10.
Note that this perturbation was applied to the system after the qubit achieved its
stationary value of both QD occupancies, n; = ny = 0.5. Such anti-phase impulses
lead again to the qubit oscillations and appearance of transient current oscillations.
In the lower panel of Fig. 3 we show also the changes of the SETs QDs occupa-
tions, n1(t) and n4(t), which were forced during such short-lived perturbation of the
corresponding SETs QDs energy levels. These abrupt disturbances change the occu-
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Fig. 3: The occupancies of both QD SETs, ni(t) and n4(t) (bottom panel), and the qubit
occupancy nz(t) and the current flowing from the left lead jr = jr, (upper panel) as a
function of time for the perturbation which changes for a short time the values of the energy
levels from €14 = 0 to €9 = —e4 = 10 at ¢ = 60 and ¢ = 90. The other parameters are:
pr=—pr=1623=0,U12 =Uz4 =2, Vo3 =2, I'; = 1.

pancies n (t) and n4(t) (up to about 0.05 and 0.85, respectively) and are responsible
for the revival of the qubit oscillations. In this case also the repeated current oscil-
lations are observed. In other words, in order to evoke the qubit oscillations again,
even for the qubit in the stationary state (full decoherence has been achieved), it is
sufficient to disturb asymmetrically (for a short time) the SETs QDs energy levels,
e.g. moving €1 and &4 in opposite directions on the energy scale.

The behaviour of the qubit oscillations is quite different for in-phase perturba-
tions, e.g in the case when both €7 and &4 are changed in the same way, e; — 1 + A,
€4 — €4+ A. In Fig. 4 we analyze the reaction of the qubit oscillations to such per-
turbations. Now the SET QDs energy levels are abruptly changed up to new values
(the same for both dots) for some interval of time. The upper panel shows the mod-
ifications of ny(t) when the perturbations act persistently from ¢ = 10 up to t = 25
and from ¢t = 80 up to ¢ = 100. Note, that the first impulse influences the qubit
dynamics before the stationary qubit state is achieved. It is interesting that the
amplitude of the qubit oscillations is 'frozen’ (is nearly constant) in this case. For
t = 25 the perturbation ends and the qubit continues the damped oscillations as
before the perturbation appeared. If, however, the in-phase perturbation acts on the
stationary qubit state, this state is not changed at all, see the occupancy curve for
t > 80, the upper panel. The explanation of such behaviour is relatively simple. As
the QDs energy levels €; and €4 are moved up to higher energies, their occupations
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Fig. 4: The qubit QD occupancy, ns(t), and the current flowing from the left lead jr = jr,
as a function of time for the perturbation which changes the values of the SETs QDs energy
levels from €14 = 0 to 61 = 4 = 10 at ¢ = 10 and ¢t = 80 (upper panel, the perturbation
duration is 6t = 15 and 20, respectively) and at ¢ = 10 (bottom panel, the perturbation
duration is 6t = 70). The broken lines show the time-positions of the QDs energy levels, £;
and €4 (not in scale). The other parameters are: up, = —pur =1, €23 = 0, Uiz = Usa = 2,
Voz =2, 'y = 1.

are considerably reduced but they are still equal to one another. Thus the system
symmetry is not broken in this case and the motion of the qubit electron is nearly not
disturbed. The qubit preserves its state as it was before the perturbation appeared.

The lower panel shows the qubit oscillations when the in-phase perturbation
acts for sufficiently long time (here from ¢ = 10 up to ¢t = 80). In this case we
observe similar behaviour of the qubit dynamics to that in the upper panel. Here
very low occupations of the SET QDs slightly disturb the qubit state which leads
to a relatively slow decrease of the oscillation amplitude. This result indicates that
one can nearly freeze the qubit decoherence by applying the in-phase gate voltage
perturbations. On both panels we also show the current flowing from the left lead,
JjL = jr,- As expected, the time-dependence of the current reflects the values of the
SETs QDs occupancies. In the time interval when £; and €4 are moved up on the
energy scale (much higher than the chemical potentials of both leads i.e. beyond the
voltage windows) the current drops to zero value except the transients observed just
after the abrupt changes of €1 and ¢4 energy levels.

In Fig. 5 we show the effect of another type of perturbations acting on the qubit
state. We assume that energy levels of both SETs QDs are driven harmonically
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Fig. 5: The qubit QD occupancy, na(t), the SET QD occupation, ni(t), and the current
flowing from the left lead j;, = jr, as a function of time for the harmonic perturbation of
e1(t) = Asin(wt) (e4(t) = —e1(t)) for A =2, w =1 and for pup = —pr = 1, €23 = 0,
Uiz = Uy = 2, Vazg = 2, T = 1. Curve E for £1(¢) was divided by 10 and shifted by +1
for better visualization.

in time, i.e. g;(t) = A;sin(w;t), i = 1,4, Ay = —Ay4. The upper curve illustrates
the occupancy of the qubit QD, ns(t), for the constant values of the SETs QDs
energy levels, A; = 0. We observe decaying oscillations due to the interaction of the
qubit electron with the environment represented by two SETs. The period of these
oscillations is approximately equal to Tyupit ~ 7;, which corresponds to the qubit
decoupled from both SETs. Approximately at ¢ = 100 the oscillations are washed out
completely and the qubit is in the stationary state with the occupancy no = ng = 0.5.
If the anti-phase harmonic perturbations are applied to the SETs energy levels, €1 (¢)
and e4(¢), then the qubit oscillations are composed of two overlapping signals: the
first one is related to the driving harmonic force which disturbs the positions of
£1(t) (curve E) and e4(t) (not shown here) and the second signal is related to the
dumped oscillations in the absence of the external perturbations (curve A). For
sufficiently long time the period of the qubit oscillations is equal to the period of
the external harmonic perturbations represented by oscillating €7 and e4 energy
levels. Note that the minima of €; coincidence with the minima of ns(¢). Due to
the repulsive interaction between the electrons localized on the first QD, ny(t), (the
upper SET) and on the second qubit QD, na(t), the occupancy of the qubit QD
possesses local minima at maximal values of n(t) - compare the curves D and B,
respectively. In Fig. 5 we show also the time-dependent current flowing to the right
lead, jg, (t) (curve C). As one can see, the qubit dynamics can be detected only in the
time interval which is compared with the decoherence time of the free qubit (see the
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curve A). For longer time the current oscillations (due to harmonic perturbations)
are similar to the occupancy oscillations of a single QD driven harmonically and
coupled with two leads, cf. [37,38].

4. Conclusions

We have considered the coherent oscillations of the qubit electron in the system in
which the qubit (double QD) is coupled electrostatically with two SETs playing the
role of detectors of the qubit state. The system is fully symmetrical in opposition to
most setups investigated in the literature in which the qubit interacts asymmetri-
cally with one detector. The qubit QD occupancies and the current flowing in SETs
were calculated using the equation of motion method for the appropriate correlation
functions for which a special decoupling procedure for higher-order functions was
applied. We have focused our attention on the qubit dynamics in the presence of
different types of perturbations imposed on both detectors i.e. short and long-time
impulses or harmonic perturbations of the QD energy levels.

It was shown that even for the qubit in the stationary state (occupancy oscilla-
tions are washed out) the oscillation can be again restored using the abrupt short
anti-phase perturbations acting on both SETs QDs (the energy levels are driven
in the opposite directions on the energy scale). On the other hand, if the in-phase
perturbation changes simultaneously the SETs QDs energy levels even during longer
time, the qubit decoherence process can be almost stopped and the damping of the
qubit oscillations is considerably reduced. However, if this perturbation of the energy
levels appears when the qubit is in the stationary state, the qubit does not respond
to such disturbance at all. We have also considered the influence of the oscillating
SETs QDs energy levels on the qubit dynamics. With sufficiently long time from the
moment when the perturbation began to disturb the system, the qubit QD occu-
pancy oscillates with the same frequency as the perturbation, however, for smaller
time we observe additional oscillations with the damped amplitude and frequency
of the free qubit.

References

[1] E.Taranko, M. Wiertel, and R. Taranko, J. Appl. Phys. 111 (2012), 023711.
[2] H.Pan and Y. Zhao, J. Phys.: Condens. Matter 21 (2009), 265501.

[3] B.Dong, I. Djuric, H.L. Cui, and X.L.Lei, J. Phys.: Condens. Matter 16 (2004),
4303.

[4] Y.X.Deng, X.H. Jan, and N.S. Tang, Phys. E 41 (2009), 353.

[5] Z.T.Jiang, J. Yang, Y. Wang, X. F. Wei, and Q.Z. Han, J. Phys.: Condens. Matt. 20
(2008), 445216.

[6] J.Y.Luo, S.K.Wang, X.L.Me, X.Q.Li, and Y.J. Yan, J. Appl. Phys. 108 (2010),
083720.

[7] Y.Han, W.Gong, H. Wu, and G. Wei, Physica B 404 (2009), 201.



26 R. Taranko and T. Kwapinski

[8] F.F.Fanchini, L. K. Castelano, and A. O. Caldeira, New Journal of Phys. 12 (2010),
073009.

[9] M.L.Ladron de Guevara and P. A. Orellana, Phys. Rev. B 73 (2006), 205303.
[10] W.Xie, H. Pan, W. Onu, W. Zhang, and S. Duan, arXiv 0801.3515 (2008).
[11] J.Euczak and B.R.Bulka, Phys. Rev. B 90 (2014), 165427.

[12] T.Kwapinski and R. Taranko, Physica E 63 (2014), 241.

[13] T.Kwapinski and R. Taranko, J. Phys.: Condens. Matt. 23 (2011), 405301.
[14] R.Taranko and P.Parafiniuk, Physica E 43 (2010), 302.

[15] B.Liu, J.Song, and H.S. Song, Int. J. Theor. Phys. 51 (2012), 2930.

[16] J.Liu, Z.T. Jiang, and B. Shao, Phys. Rev. B 79 (2009), 115323.

[17] H.B.Sun and H. M. Wiseman, J.Phys.: Condens. Matter 21 (2009), 125301.
[18] M.T.Lee and W. M. Zhang, Phys. Rev. B 74 (2006), 085325.

[19] Y.Ye, Y. Cao, X.Q.Li, and S. Gurvitz, Phys. Rev. B 84 (2011), 245311.
[20] M.T.Lee and W.M. Zhang, J. Chem. Phys. 129 (2008), 224106.

[21] S.K.Wang, J. Jin, and X. Q. Li, Phys. Rev. B 75 (2007), 155304.

[22] H.J.Jiao, X. Q. Lin, and Y. J. Luo, Phys. Rev. B 75 (2007), 155333.

[23] J.P.Zhang, S.H.Ouyang, C.H.Lam, and J.Q.You, J. Phys.: Condens. Matt. 20
(2008), 395206.

[24] S.H.Ouyang, C.H.Lam, and J. Q. You, J. Phys.: Condens. Matt. 18 (2006), 115511.
[25] R.Taranko and P.Parafiniuk, Physica E 40 (2008), 2765.

[26] S.A.Gurvitz and G.P.Berman, Phys. Rev. B 72 (2005), 073303.

[27] H.J.Jiao, F.Li, S. K. Wang, and X. Q.Li, Phys. Rev. B 79 (2009), 075320.

[28] C.Kreisbeck, F.J.Kaiser, and S. Kohler, Phys. Rev. B 81 (2010), 125404.

[29] R.Taranko and T.Kwapinski, Physica E 48 (2013), 157; 70 (2015), 217.

[30] T.Gilad and S. A. Gurvitz, Phys. Rev. Lett. 97 (2006) 116806.

[31] V.H.Nguyen, J.Phys.: Condens. Matter 21 (2009), 273201.

[32] C.Nietner, G. Schaller, C. Poltl, and T.Brandes, Phys. Rev. B 85 (2012), 245431.
[33] G.Shinkai, T. Hayashi, T. Ota, and T. Fujisawa, Phys. Rev. Lett. 103 (2009), 056801.
[34] T.Tanamoto and S. Fujita, Phys. Rev. B 72 (2005), 085335.

[35] T.Tanamoto and X.Hu, Phys. Rev. B 69 (2004), 115301.

[36] J.Li and G. Johansson, Phys. Rev. B 75 (2007), 085312.

[37] A.-P.Jauho, N.S. Wingreen, and Y. Meir, Phys. Rev. B 50 (1994), 5528.

[38] T.Kwapinski and R. Taranko, Physica E 18 (2003), 402.

[39] S.A.Gurvitz, and D. Mozyrsky, Phys. Rev. B 77 (2008), 075325.

[40] X.Q.Li, W.K. Zhang, P. Cui, J. Shao, Z. Ma, and YiJing Yan, Phys. Rev. B 69 (2004),
085315.

Institute of Physics

M. Curie-Sktodowska University

pl. M. Curie-Sktodowskiej 1, 20-031 Lublin
Poland

e-mail: ryszard.taranko@umcs.pl



Electron dynamics in quantum qubit interacting with two single electron transistors 27

Presented by Ilona Zasada at the Session of the Mathematical-Physical Commission
of the 1.6dz Society of Sciences and Arts on July 13, 2015

DYNAMIKA ELEKTRONU W KWANTOWYM QUBICIE
SPRZEZONYM Z DWOMA JEDNOELEKTRONOWYMI
TRANZYSTORAMI

Streszczenie

Wykonano badania teoretyczne dynamiki qubitu (w postaci podwojnej kropki kwan-
towej) sprzezonego elektrostatycznie z dwoma detektorami bedacymi jednoelektronowymi
tranzystorami. Obliczajac stopienn zapelnienia kropek kwantowych i prady plynace przez
detektory uzyto metody réownan ruchu dla odpowiednich funkcji korelacyjnych potaczonej
ze specjalna procedura rozszczepienia funkcji wyzszego rzedu. Zbadano dynamike qubitu w
obecnos$ci réznego rodzaju zaburzen dziatajacych na oba detektory, tj. dla stalych oraz har-
monicznych zmian wartosci pozioméw energetycznych detektorow. Pokazano, ze oscylacje
qubitu bedacego juz w stanie stacjonarnym moga by¢é ponownie wzbudzone przy uzyciu
nagtych, krétkich zaburzeii pozioméw energetycznych detektoréw. W przypadku zaburzen
harmonicznych zapelnienie kropek kwantowych qubitu oscyluje z czestoscia zaburzajaca
dla dostatecznie dlugiego czasu od momentu wlaczenia zaburzenia. Natomiast dla krot-
szych czaséw obserwujemy natozenie si¢ tych oscylacji na ttumione oscylacje swobodnego
qubitu.

Stowa kluczowe: qubit, kropka kwantowa podwdjna, tranzystor jednoelektronowy, deko-
herencja
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MIXED PARTIAL DENSITY TOPOLOGY

Summary

The paper deals with the density-type topology in the plane generated by the lower
density operator @, which is defined (in a sense) similarly to the mixed partial derivative
of a function of two variables. This topology is different from ordinary and strong density
topologies in the plane as well as from the product of two linear density topologies.
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1.

Let £! (£?) be the o-algebra of Lebesgue measurable subsets of R (resp. R?), B!
(B?) — the o-algebra of Borel subsets of R (resp. R?), Z! (Z?) — the o-ideal of null
sets in R (resp. R?) and A; (\2) — the linear (planar) Lebesgue measure. If A C R?,
then, as usual, A, ={y: (z,y) € A} for z € R and AY = {x : (z,y) € A} for y € R.
We shall say that the sets A, As € L' (resp. £2) are equivalent (A; ~ As) if and
only if AjAAy € T (resp. Z?).
Recall that zg is a point of density of a set A € £! if and only if
lim )\1(A n [Io - h,SEO + h])
h—0t+ 2h
Let ®(A) = {r € R : x is a point of density of A} for A € L£!. The operator
® : £ — 2% has the following properties (see [O], chapter 22):
1) for each A€ L', A~ ®(A) (the Lebesgue Density Theorem),
2) for each Ay, Ay € LY if Aj ~ Ay, then ®(A;) = ®(A),

=1
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3) ®0) =0, BR)=R,

4) for each Al,AQ S Ll q)(Al n Ag) = (D(Al) N (b(A2)
The operator fulfilling properties 1)-4) is called the lower density operator.

The family 7y = {A € L1 : A C ®(A)} is the density topology, which is stronger
than the natural topology on the real line. Observe also, that in fact ® : £} — £!
by virtue of the LDT.

2.

Our aim is to introduce a new operator ®,, : £2 — £? having all properties similar
to that of ® and to study properties of the topology T, = {A € L?: A C ®,,(A)}
generated by this operator.

Let ®,(B) = {(z,y) : y € ®(B;)} and ®,(B) = {(z,y) : x € ®(BY)} for
B € B2. Since B, € B! for each B € B? and also BY € B! for each B € B?, the
operators @, (of "vertical” density points) and @, (of “horizontal” density points)
are well defined. Moreover, ®,(B) and ®,(B) are Borel sets for B € B2 (see [M],
th. 1).

Definition 1. We shall say that (xg,y0) is a mixed (z,y) partial density point of a
set A € £2 if and only if (z9,v0) € ®rn(P,(B)) for some B € B? such that A ~ B.
We shall write (29, yo) € Puy(A).

To prove that the operator ®,, is uniquely defined we shall need the following
proposition:

Proposition 1. If By, By € B% and By ~ Bs, then ®,(B1) ~ ®,(Bs).

Proof. From Fubini theorem it follows that (By); ~ (Bz), for ae. z € R, so
®((B1)z) = ®((Bz)y) for a.e. x € R by virtue of 2) and finally ®,(B1) ~ ®,(Bs)
again using Fubini theorem. O

Proposition 2. If By, Bs € B and By ~ Ba, then (9,(B1))? ~ (®,(Ba))Y for each
y € R.

Proof. 1t follows immediately from the proof of Proposition 1. O
Proposition 3. If By, By € B2 and By ~ Ba, then ®,(®,(B;)) = ®4(®,(Bs)).

Proof. By virtue of Proposition 2 we have ®((®,(B1))Y) = ®((®,(B2))Y) for each
y €R, s0 D4, (P, (B1)) = D1 (P, (B2)). O

Theorem 1. The operator ®,,, : L — 2% has the following properties:
0) for each A € L? ®,,(A) € B2,
1)  foreach A€ L? A~ &,y (A),
2)  for each Ay, Ay € L? if Ay ~ As, then @,y (A1) = ®py(A2),
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3) (I)wy(@) = Q); (I)wy(RQ) = RQv
0) fO?” each Al,AQ S L2 (I):Ly(Al N Ag) = (I)J,y(Al) n ¢1y(A2)

Proof. 0) follows from the theorem of Mauldin ([M], th.1).

1) Take arbitrary Borel set B ~ A. Then B ~ ®,,(B) (see [S], p. 298 ) and so
A~ Dyy(A),

2) If Ay ~ Az, Ay ~ By and Ay ~ Bo, where By, By € B2, then also By ~ Bo
and by virtue of Proposition 3 we have ®,(B1) = ®,,(Bs),

3) is obvious.

4) If A ~ Bl, Ay ~ BQ, Bl,BQ € 62, then we have (bv(Bl n BQ) = {(I’,y) :
y € B((By N Ba)a)} = {(5,9)  y € B((B1)a N (Ba)a)} = {(w9)  y € B((B1)a) 0
O((B2)z)} = ©,(B1) NP, (B2) and similarly for @y, O

Theorem 2. The family T,, = {A € L?: A C ®,,(A)} is a topology stronger than
a natural topology on the plane.

Proof. Since the operator ®,, is a lower density operator and the Lebesgue measure
on the plane fulfills the countable chain condition, the proof that 7., is a topology
is exactly the same as in [O], chapter 22. Observe that (R\ Q) x R € 7, and is not
open in the natural topology, simultaneously each open set (in the natural topology)
consists only of mixed partial density points, so is in Ty . O

Theorem 3. The topology T, has following properties:
a) if A is compact in T,y then card(A) < Ro.
b)  each segment I = [a,b] x {c} is connected in Ty,
each segment I, which is not horizontal, is not connected.
c) Tuy is Hausdorff but not reqular.

Proof. Ad a) The proof does not differ from that for Ty (see [W], p. 685).

Ad b) Suppose that I = U; UUs, where Uy, Us € Ty, which means that
Uy :IﬁGl, U, ZIQGQ, Gl,GQ 67;-y

and

U #0, Uy 20, UyNnUs = 0.

Observe that if x € [a, b], then (z,c) € Uy if and only if z € ®((P,(G1))), so Uf =
D((P,(G1))°) and similarly US = ®((®,(G2))°). Hence Uf,US € Ty, UFUUS = [a, b],
Ug £ 0,05 #0, UsNUS = 0 — a contradiction, because [a, b] is connected in Ty (see
[GNN]).

If I C R? is not horizontal segment, then let (zg,%0) be the end-point of I.
Observe that if G; = (RQ \I) U {(Jfo,yo)}, Gy = R? \ {l‘o, yo)}, then G1,Gs € 7;y
Hence U1 = Gl NI and UQ = G2 NI belong to Ey‘], U1 n Ug = @ and I = U1 U U27
so I is the union of two non-empty sets open in T,y;.
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Ad ¢) T, is Hausdorff since it is stronger than the natural topology in R2. To
prove that 7, is not regular we shall show that (0,0) cannot be separated from
A= (R x{0})\{(0,0)}. Observe first that A is closed in 7y,, because A2(A) = 0.
Suppose that Uy, Uy € Tyy, (0,0) € Uy and A C Us. The set (9,(Uz))? is of full
measure (full measure in each interval), because R\ {0} C (®,(Us))". Simultaneously
A1 ((@,(U1))%) > 0, because 0 € ®((®,(U1))?). Hence (®,(U1))° N (D, (Uz))° # 0. If
€ belongs to both sets, then (U1)e N (Uz)e # 0, because 0 € ®((Ur)e) N @((Usz)e).
Finally U; NUs # 0. O

3.

Definition 2. We shall say that a function f : R? — R is T,,-approximately path
continuous at (xg,o) if and only if there exists a set A C R? such that (zo,y0) €
@y (A) and faug(zo,y0)} i continuous at (xo,yo), which means

f(‘r(%yo) = — hmf(xvy)

(z,y)—(w0,y0)
(z,y)€A

Definiton 3. We shall say that a function f : R? — R is 7,,-approximately continuous
at (xo, o) if and only if for each € > 0 we have

(20,90) € Puy(f T (f(z0,y0) — € f(T0,Y0) + €)).

Theorem 4. The T,y -approzimate path continuity is equivalent to Tyy-approzimate
continuity.

Proof. The fact that 7,,-approximate path continuity implies 7,,-approximate con-
tinuity at (zo,yo) is clear. Suppose now that a function f is 7,-approximately
continuous at (xo,yo) Then for each n € N we have

(20,0) € An = Puy <f1 <f($0,y0) - %f(%ﬂo) + ;)) :

A sequence {A,}nen is a descending sequence of measurable sets. Let {B,}nen
be a descending sequence of Borel sets such that B,, ~ A, for each n. According
to the definition of ®,, we have zy € ®(®,(B,)¥) for n € N and the sequence
{®(D,(B,)¥ }nen is also descending. Hence by virtue of the condition (J2) (see
[T], p- 29) there exists a decreasing sequence {h,}nen convergent to 0 such that
xg € ®(B), where

B = J(®(®y(Ba)")\ (0 — hn, @0 + hn)).

Put -
A= JAn\ ((zo = hn, z0 + hn) X R)).
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Then (z0,Y0) € Pyy(A) and f(zo,y0) = — lim f(z,y). O
(z,y)—=(z0,y0)
(z,y)€A
Observe now that f : R? — R is T,,-approximately continuous if and only if
/7YG) € T,y for each G open in the natural topology in R.

Theorem 5. If f : R? = R is T,y -approzimately continuous, then f is of the third
Baire class.

Proof. We can suppose that f is bounded, f :R? — [~1,1]. Put

+5 oyt
fom(z,y) = Zm . /,, (&, m)d&dn.

It is easy to see that f,, ., is continuous for n,m € N.
If

fn(mvy) = lim sup fn,m($>y)’

m— o0
then obviously f, is of the second Baire class for n € N. We shall show that f =

lim, o fn, where the limit is pointwise, which yields that f is of the third Baire
class.

Fix (z,y) € R% Let k € N and let

b= ((fen - s+ 7).

Obviously E € L2, moreover (x,y) € ®,,(FE)). To simplify the denotation put
A = (9,(Eg))Y. We have € ®(Ay) and for each £ € A y € ®((Ex)e).
Again to simplify the denotation put

[ 1 1] { 1 1]
Kn,m: rT——,r+ —| X y777y+7 .
n n m m

We have
fuman) =55 [ pemdean+ [[ - remacan
Kn mNEg Kon,m\Ex
<(Fen 1)+ 5 Pl \ B
and similarly
N (K \ )+ (£(2,9) = 1) < frm(9)-

We have

1 1 1 1 1 1
K,m\E - =, -]\ A -, —NHu((A -, —N\ Er).
w\Bx € (fr= 4 S \NA) X [y oyt DUk x [y oy - )\ B
There exists ng € N such that
)q(Akﬂ[x—%,:E—l—%]) 1

1- 2
1T

S
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for n > ng, so

1 1 1 1 2 2 2
>\2(<|:x’x+:|\Ak)X|:y’y+:|>§.'.
n n m m n m k

From the fact that y € ®((Ey)e) for each £ € A using the dominated convergence
theorem we obtain

(0 b ) -+ )N B

hence for n > ny and sufficiently big m € N we have

1 1 1 1 21 2 21
Ao Aj X y— —,y+ — \Ek <A | AN r— —, T+ — —_—e < -
m m n n mk~—nmk

Hence

=1

2 )
“m

)\Q(Kn,m \Ek) S : :

Sl
>N

2
m
Finally for n > ng and sufficiently big m € N

S = 3 S faml@ ) S f@y)

and so 5 5
_E—’—f(xvy)an(xvy)gf(xvy)+E fornzno.
It means that
flxy) = lim fo(z,y)
and the theorem is proved. O

Problem. Whether T,,-approximately continuous function must be of the second
Baire class?

Theorem 6. If f : R? — R is separately approzimately continuous, then it is Tpy-
approzimately continuous.

Proof. Fix (zo,yo) € R? and take € > 0. There exists a set A C R, A € L' such that

70 € ®(4) and [f(z.y0) - f(@o.30)| < 5

for z € A, because f(-,y0) is approximately countinuous at .
For each = € A there exists a set B(x) € £! such that

v ®(B(@) and |f(z.y)~ f(z.y0)| < 5
for y € B(z). Hence
U (=} x B(@)) € £~ ((f (w0, 50) — € f (0, %0) + €))

z€A

and the last set is measurable by virtue of [D], th. 1. We see at once that

(20,Y0) € Puy (f 7 ((f(z0,90) — €, f(z0,y0) +€)))-
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From the arbitrariness of € it follows that f is 7,,-approximately continuous at
(z0,%0)- U

Remark. If a function f: R? — R is defined in the following way:

flz,y) =0 if ySCUQ,

flz,y)=1 if y22$27 (xvy) # (070)7

f is linear in y and continuous on each closed interval joining (x,z?) and (z, 22?),
then f is 7,,-approximately continuous but not separately approximately continuous
at (0,0).

4.

Now we shall compare our topology 7, with other density topologies in the plane
(see [GNN] and [GW]).
Recall that (g, yo) is a density point (or ordinary density point) of the set A € £2

if and only if

I A2([AN (zo — k2o + ] X [yo — h,yo + R))

im

h—0+ 4h?
If ®9(A) = {(x,y) € R? : (x,y) is an ordinary density point of A} for A € £2, then
®( is a lower density operator and the family

To={AcL?: AC ®y(A)}
is a topology in the plane called the (ordinary) density topology.
A point (xq, o) is a strong density point of the set A € £2 if and only if
limM(A N ([xo — h,x + h] X [yo — k,yo + k]))
h—0* 4hk

k—0T
If ®4(A) = {(x,y) € R?: (x,y) is a strong density point of A} for A € £2, then ®,
is a lower density operator and the family

T.={AeL?: AcC D (A)

is a topology in the plane called the strong density topology.
Also it is known that the (ordinary) density topology in the plane is strictly

=1

=1

stronger than the strong density topology, which in turn is strictly stronger than the
natural topology in the plane.

Observe also that the product topology T4 X Ty is strictly stronger than the
natural topology and strictly weaker than the strong density topology.

Theorem 7. T, \ To # 0, To \ Tay # 0.

Proof. Let A = {(z,y) : |ly| < 2%} U {(0,0)}. We have A € T, \ To. Let now
B ={(z,y) : ly| > 2} U{(0,0)}. We have B € Ty \ Tzy- O

Theorem 8. T, \ Ts # 0, Ts \ Tay # 0.
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Proof. If A is the set from the proof of the previous theorem, then A € T, \ 7.
The construction of the set B which belongs to 75 but not to 7, is a little bit
more complicated.
Let P, for n € N be an interval set, i.e. the set it the form

Pn = U(an,k7 bn,k)7 0< Qn,k < bn,k < Qn,k—1

k
such that: (P oh )
P,c(0,1) for neN, w>l—f
n
for each n € N and each h € (0,1) and
tim ing 2LE N OA)
h—0+ h
Put
o0
B = (R*\ ([0,1] x U X Pn)) U{(0,0)}.

n+1’ n
We see that if h < -, k is arbitrary in (0, 1) then

A2(B N ([=h,h] x [k, k])) 1
1k >i-o
so (0,0) is a strong density point of B. If (z,y) € B and (z,y) # (0,0), then (z,y)
is an interior point of B, so also a strong density point of B. Hence B € 7.
Simultaneously 0 ¢ ®(B,;) for z € (0,1), so (0,0) ¢ ®,,(B) and B ¢ T,,. O

Theorem 9. Tg x Ty G Toy.

Proof. If A C Tq x Tq and (zg,y0) € A, then there exists sets By, By € Ty such
that (xo,yo) € B1 x By C A. It is not difficult to observe that (x¢, yo) € @4y (A), so
A€ Tay.

The set A from the proof of Theorem 7 belongs to 7T, but not to Tg x 7. O
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MIESZANE CZASTKOWE TOPOLOGIE GESTOSCI

Streszczenie

Praca zawiera konstrukcje topologii na ptaszczyznie typu topologii gestosci generowana
przez operator dolnej gestosci zdefiniowany (w pewnym sensie) podobnie, jak mieszana
pochodna czastkowa funkcji dwoch zmiennych. Pokazano, ze topologia ta rézni sie od
topologii zwyktlej i silnej gestosci na ptaszczyzne oraz od produktu dwoch topologii gestosci
na prostej.

Stowa kluczowe: topologie gestosci na plaszczyznie, funkcje aproksymatywnie ciagte
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Summary

The jump of the Milnor number of an isolated singularity fo is the minimal non-zero
difference between the Milnor numbers of fo and one of its deformations (fs). We give a
formula for the jump in some class of surface singularities in the case where deformations
are non-degenerate.
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1. Introduction

Let fo : (C™0) — (C,0) be an (isolated) singularity, i.e. let fo be a germ at 0
of a holomorphic function having an isolated critical point at 0 € C™, and 0 € C
as the corresponding critical value. More specifically, there exists a representative

fo : U — C of fy holomorphic in an open neighborhood U of the point 0 € C™ such
that:

e fo(0) =0,
va(O) = Oa

Vfo(z) # 0 for z € U\{0},
where for a holomorphic function f we put Vf := (9f/9z1,...,0f/0zy,).
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In the sequel we will identify germs of functions with their representatives or the
corresponding convergent power series. The ring of germs of holomorphic functions
of n variables will be denoted by O,.

A deformation of the singularity fy is a germ of a holomorphic function f =
f(s,2) : (Cx C",0) — (C,0) such that:

i f(072) = fO(Z)a

° f(sa O) =0,
The deformation f(s,z) of the singularity f, will also be treated as a family (fy)
of germs, putting fs(z) := f(s,2). Since fy is an isolated singularity, f; has also

isolated singularities near the origin, for sufficiently small s [GLS07, Theorem 2.6 in
Chap. I].

Remark 1. Notice that in the deformation (fs) there can occur in particular smooth
germs, that is germs satisfying V fs(0) # 0. In this context, the symbol V f, will
always denote V., fs(2).

By the above assumptions it follows that, for every sufficiently small s, one can
define a (finite) number 4 as the Milnor number of f,, namely

o= () = dime 0,/ ) = (55 7L,
where the symbol
of of
(5 7)
denotes intersection multiplicity of the ideal
of of .
(821,“.’3%) 0O, in O,.

Since the Milnor number is upper semi-continuous in the Zariski topology in
families of singularities [GLS07, Theorem 2.57 in Chap. II], there exists an open
neighborhood S of the point 0 € C such that

e us = const. for s € S\ {0},
® 9 > ps for s e S.

The (constant) difference g — ps for s € S\ {0} will be called the jump of the
deformation (fs) and denoted by A((fs)). The smallest nonzero value among all
the jumps of deformations of the singularity fo (such a value exists because one can
always consider a deformation of fj built of smooth germs and then for it it is us = 0;
cf. Remark 1) will be called the jump (of the Milnor number) of the singularity fo
and denoted by A(fo).

The first general result concerning the jump was S. Gusein-Zade’s [GZ93|, who
proved that there exist singularities fo for which A(fo) > 1 and that for irreducible
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plane curve singularities it holds A(fp) = 1. In [BK14] the authors proved that A(fp)
is not a topological invariant of fy but it is an invariant of the stable equivalence. The
computation of A(fq) for a specific reducible singularity (or for a class of reducible
singularities) is not an easy task. It is related to the problem of adjacency of classes
of singularities. Only for a few classess of singularities we know the exact value of
A(fo). For plane curve singularities (n = 2) we have (see [AGZV85] for terminology):

e for the one-modal family of singularities in the Xg class, that is singularities
of the form

fo(z,y) = x4+y4+a$2y2a a€C, a27é4>
we have A(f§) = 2 [BK14],

o for the two-modal family of singularities in the W1 o class, that is singularities
of the form

Ch(ry) =2t 8+ (a+by)a*y®, a,beC, o #4,

we have )
AP = 1, if a = 0 [BK14]
0 > 2, for generic a,b [GZ93],

e for specific homogenous singularities f&(z,y) := ¢ + y¢, d > 2, we have
A(f§) = [5] [BKW14],

e for homogeneous singularities of degree d with generic coefficients fy we have
A(fo) < [4] [BKW14]

In the present paper we consider a weaker problem: compute the jump A\"4(fy) of
fo over all non-degenerate deformations of fo (i.e. the fs in the deformations (fs)
of fo are non-degenerate singularities). Clearly, we always have A(fy) < A" (fp). Up
to now, this problem has been studied only for plane curve singularities

e A. Bodin [Bod07] gave a formula for A" (f) for f; convenient with its Newton
polygon reduced to one segment,

o J. Walewska in [Wall3| generalized Bodin’s results to the non-convenient case,

e the authors [BKW14] calculated all possible Milnor numbers of all non-dege-
nerate deformations of homogenous singularities,

o J. Walewska [Wall0] proved that the second non-degenerate jump of fy satis-
fying Bodin’s assumptions is equal to 1.

In this paper we want to pass to surface singularities (n = 3). We give a for-
mula (more precisely: a simple algorithm) for A" (f;) in the case where f; is non-
degenerate, convenient and has its Newton diagram reduced to one triangle, (see
Figure 1) i.e. fy of the form

folz,y,2) =az? + by + 2"+ ... (p,q,r =2, abc#0).
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Fig. 1: The Newton diagram of fo(z,y,2) = az? + by? +cz" + ...

Moreover, for simplicity reasons, we will only consider the case of p, ¢, r being
pairwise coprime integers. The general case of arbitrary p, ¢, 7 will be the topic of a
next paper.

2. Non-degenerate singularities

In this Section we recall the notion of non-degenerate singularities. We restrict our-
selves to surface singularities. All notions can easily be generalized to higher dimen-
sions. Let
fO(Ivyaz) = Z a'ijkxiyjzk7
i,5,k€EN
be a singularity. Let
supp(fo) := {(i,j,k) € N¥ : ayp # 0}
be the support of fo. The Newton polyhedron Ty (fo) of fo is the convex hull of the
set
U Gk +RE,
(4,4,k)€supp(fo)
where R? is the closed octant of R® consisting of points with nonnegative coordi-
nates. The boundary (in R?) of 'y (fp) is an unbounded polyhedron with a finite
number of 2-dimensional faces, which are (not necessarily compact) polygons. The
singularity fy is called convenient if T'y (fo) has some points in common with all three
coordinate axes in R®. The set of compact faces (of all dimensions) of 'y (fy) con-
stitutes the Newton diagram of fo and is denoted by I'(fq). For each face S € T'(fo)
we define a weighted homogeneous polynomial
(fo)s := Z aijraiyl 2~
(i,3.k)€S
We call the singularity fo non-degenerate on S € T'(fp) if the system of equations

3(5;)5(%%@ o, a(g;)s (2,5,2) = 0, 3%0(;)5(%%2) _0
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has no solutions in (C*)3; fo is non-degenerate (in the Kouchnirenko sense) if fo is
non-degenerate on every face S € T'(fy).
Assume now that fy is convenient. We introduce the following notation:

e I'_(fp) — the compact polyhedron bounded by I'(fy) and the three coordinate
planes (labeled in a self-explanatory way as OXY, OXZ, OYZ); in other words,

T (fo) :=RE\ T4 (fo),
e V — the volume of T'_(fy),

e Py, P, P; —the areas of the two-dimensional faces of I'_( fp) lying in the planes
OXY, OXZ, OYZ, respectively; e.g. P; is the area of the set T'_(fy) N OXY,

o Wy, Wy, W3 — the lengths of the edges (= one-dimensional faces) of I'_(fo)
lying in the axes OX, QY, OZ, respectively (see Figure 2 ).

LS

"

Fig. 2: Geometric meaning of volume V, areas P; and lengths Wj.

We define the Newton number v(fy) of fo by
(o) V(fo) = 3!V—2!(P1+P2+P3)+1!(W1+W2+W3)—1.

The importance of v(fy) has its source in the celebrated Kouchnirenko theorem:

Theorem [Kou76] If f; is a convenient singularity, then

L p(fo) = v(fo),
2. if fy is non-degenerate then u(fo) = v(fo).

Remark 2. The Kouchnirenko theorem is true in any dimension [Kou76].

3. Non-degenerate jump of Milnor numbers of singularities

Let fo € O3 be a singularity. A deformation (fs) of fy is called non-degenerate
if fs is non-degenerate for s # 0. The set of all non-degenerate deformations of
the singularity fo will be denoted by D" (fy). Non-degenerate jump \"%(fo) of the
singularity fy is the minimal of non-zero jumps over all non-degenerate deformations
of fo, which means

And = min  A((fs)),
Vo = gy (o)
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where by D34( fy) we denote all the non-degenerate deformations (f,) of fy for which
A((fs)) # 0. Obviously

Proposition 3.1. For each singularity fo we have the inequality
A(fo) <A™ (fo).

In investigations concerning A\"( fy) we may restrict our attention to non-degene-
rate fy because the non-degenerate jump for degenerate singularities can be found us-
ing the proposition below (cf. [Bod07, Lemma 5]). Let 3¢ denote any non-degenerate
singularity for which I'(fo) = ['(f84). Such singularities always exist.

Proposition 3.2. If fy is degenerate then

nd o u(fo) = n(f3Y), if p(fo) — p(f34) >0
A (fO){ (), i ) — u(f) = 0

Proof. This follows from the fact that a generic small perturbation of coefficients
of these monomials of fy which correspond to points belonging to |JT'(fo) (which
are finite in number) give us non-degenerate singularities with the same Newton
polyhedron as fj. O

Remark 3. By the Ptoski theorem ( [P1090, Lemma 2.2|, [P1099, Theorem 1.1]), for
degenerate plane curve singularities (n = 2) the second possibility in Proposition 3.2
is excluded.

A crucial role in the search for the formula for A"(fy) will be played by the
monotonicity of the Newton number with respect to the Newton polyhedron. Namely,
J. Gwozdziewicz [Gwo08] and M. Furuya [Fur04] proved:

Theorem 3.3. (Monotonicity Theorem) Let fy, fo € O, be two convenient sin-
gularities such that Ty (fo) C T'+(fo). Then v(fo) = v(fo).

By this theorem the problem of calculation of A"(fy) can be reduced to a
purely combinatorial one. Namely, we define specific deformations of a convenient
and non-degenerate singularity fo € O,. Denote by J the set of integer points
i = (i1,-..,in) # 0 lying in the closed domain bounded by coordinate hyperplanes
{z; = 0} and the Newton diagram; in other words .J := T'_(fy) NZ". Obviously, .J is
a finite set. For 4 = (iy,...,i,) € J we define the deformation (f¢)sec of fo by the
formula

fsi(zl,...7zn) = fo(z1, ..., 2n) —l—szil L

Proposition 3.4. For every i € J the deformation (f%) of fo is convenient and
non-degenerate for all sufficiently small |s|.
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Proof. See [Kou76] or [Oka79, Appendix]. O

Combining the Monotonicity Theorem with the above proposition we reach the
conclusion that in order to find A" (f) it is enough to consider only the non-
degenerate deformations of the type (f%).

Theorem 3.5. If fy is a convenient and non-degenerate singularity, then
X (fo) = min A((f))
i€ Jo
where Jo C J is the set of these i € J for which \*((f?)) > 0.

Proof. By the Kouchnirenko theorem it suffices to consider non-degenerate deforma-
tions of fj of the form

(%) fs(z1, ooy 2n) = folz1, . 2n) —&—Zai(s)zi,
ieJ
where a;(s) are holomorphic at 0 € C and a4(0) = 0. Then by the Monotonicity

Theorem we may restrict the scope of deformations (3) to deformations with only
one term added i.e. the deformations (f2) for i € Jy. O

Corollary 3.6. If fo and fy are non-degenerate and convenient singularities and

T(fo) =T(fo) then A"(fo) = A™(fo).

4. An algorithm for \"(f;) in the case of one face
Newton diagram of surface singularities

In this Section we give a simple algorithm for calculating A"4(fy) provided that
fo € O3 is a convenient and non-degenerate singularity with one two-dimensional
face of its Newton diagram. Let p, ¢,r be the first (i.e. nearest to the origin) points
of ' (fo) lying on the axes OX, OY and OZ, respectively. Then by Corollary 3.6 we
may assume that

Jo(z,y,2) = o +y? + 2", g, = 2.

By formula (o) we have u(fo) = (p — 1)(¢ — 1)(r — 1). Moreover, without loss of
generality we may also assume that

(1) pzq=r.
Additionally, we demand that p, q,r are pairwise coprime
(%) GCD(p,q) = GCD(p,r) = GCD(g,r) = 1.

By Theorem 3.5 we have to compare the jumps of deformations (f%)scc, where
i € J, i.e. i are integer points lying in the octant of R3 under the triangle with
vertices (p, 0,0), (0,q,0), (0,0,7) (see Figure 1).
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I. First we consider points in J lying on the axes. Using formula (o) and as-
sumption () we easily check that the axes-jump is realized by the deformation

(f&H0N e,
FTRO0N @y, 2) = 2P 4yt + 2T 4 sl
and the jump is equal to (¢ — 1)(r — 1).

II. Now we consider points in J lying in coordinate planes. By the results of
Bodin [Bod07] and Walewska [Wall0] we easily check that the minimal jumps
on respective planes are realized by

i. the deformation (f(®14=1.0)) where a;,b; € Z are such that a;p—by1q = 1
and 0 < a; < ¢, by > 0; this delivers the OXY -jump equal to (r — 1),

ii. the deformation (f§°’b2”“‘“2)), where ag, ba € Z are such that acg—bor = 1

and 0 < as < 7, by > 0; this delivers the OY Z-jump equal to (p — 1),

iii. the deformation (fs(b‘q”o’p*a‘g)), where as, bs € Z are such that asp—bsr = 1

and 0 < a3 < p, bz > 0; this delivers the OX Z-jump equal to (¢ — 1).

The above considerations imply that the jump realized by the points lying either
in coordinate planes or on axes is equal to (r — 1).

III. Let us pass to the deformations (f?) for which the point 4 lies in the interior
of the tetrahedron with vertices (0,0,0), (p,0,0), (0,¢,0), (0,0,7). Any such
point (a, 3, ) satisfies the conditions:

(a) 0<a<p 0<B8<qg0<y<r,
p

(b) @ + =+ T <tlor equivalently aqr + Bpr + vpq < pqr.
p q r
Moreover, the jump of the deformation ( fleop ’7)) is equal to 6 times the volume

of the tetrahedron with vertices (p,0,0), (0,¢,0), (0,0,7), («, 3,7) i.e.
pqr — aqr — Bpr —ypq.
Thus, we have reduced our original problem to a number theoretic one.
Problem 1. Given pairwise coprime integers p > q > r greater than 1. Find positive

integers o, B8, v satisfying Oa and 0b for which the expression pqr — aqr — Bpr — vpq
attains its positive minimum.

In order to solve it, first notice that GCD(gr, pr, pg) = 1. Consequently, there are
integers a, b, ¢ such that
1) aqr + bpr + cpg = 1.

They can be obtained by the Euclid algorithm using the well-known associativity law:
for any integers u, v, w we have GCD(u,v,w) = GCD(GCD(u,v),w). Notice that
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in any identity of the type (1) it holds abc # 0. If we write a = a’p+a”, 0 < a” < p,
then, by abuse of notation, we obtain yet another identity aqr + bpr + cpg = 1, but
now 0 < a < p. Next, we write b = b/qg — b", 0 < V"’ < ¢q, and we use it to obtain a
similar identity aqr — bpr + c¢pg = 1 in which 0 < @ < p and 0 < b < g. Notice that
then 0 < |c| < r. In fact, |cpg| = |1 —agr+bpr| < 1+r|bp—aq| < 14+r(pg—p—q) =
pqr — pr — qr + 1 < pgr. Thus, finally we have obtained the identity

(0O) aqr —bpr+cpg=1, where 0 <a<p, 0<b<gq, 0<|c| <T

Now we consider two cases:

1. ¢ < 0. Then the triple « = p—a, 8 = b, v = —c is the solution that we
seek for. In fact, «, 8, clearly satisfy Oa, moreover pgr — aqr — Bpr — ypq =
aqr—>bpr+cpq = 1. This is the optimal value one can hope for, so the Problem is
solved in this case. Hence A" (fy) = 1 and the deformation (fP~%b~¢) realizes

the jump 1.

2. ¢ > 0. Under this condition, we claim that there is no point («, 8,7) satisfying
both 0a and 0b and for which the minimum in the Problem is equal to 1. In fact,
if there existed such a point, then from the relation pqr—aqgr—Bpr—ypg = 1 we
would get (p—«)gr — Bpr —ypq = 1, which together with () would imply that
(p—(a+a))gr=(8—>b)pr+ (v+ ¢)pg. But since GCD(p,r) = GCD(p,q) =1
and |p — (e + a)| < p, this is only possible when a@ = p — a. Hence, we would
get (8 —0b)r+ (v 4+ ¢)g = 0. Similarly, since GCD(r,q) = 1 and |8 — b| < ¢, we
would obtain § = b and consequently v = —c¢ < 0, contradictory to Oa.

The above observation means that in case (2) we must further continue our search
for «, B, solving the Problem. Accordingly, we repeat the above reasoning for the
identity
aqr + bpr + cpqg = 2,
and so on up to
aqr +bpr +cpg=1r— 2.
If in one of the above steps we find integers a, b, ¢ such that
aqr + bpr + cpq = 1,
where 1 < g < r—2,0<a <p, —¢g <b<0and —r < ¢ < 0, then we stop
the procedure and the triple a = p — a, 8 = —b, v = —c solves the Problem with
minimum equal to ig. Hence, )\“d( fo) = io and the deformation ( fs(p 7(1’71}’76)) realizes
this jump.
If the above search fails, we conclude that A\"4(fy) = r—1 because the deformation
(fs(bl’qfal’o)), where a1p —big=1,0 < a; < q, 0 < by, realizes this jump.
We may sum up the above considerations in the following theorem.

Theorem 4.1. Let fy € O3 be a convenient and non-degenerate singularity with
only one two-dimensional face in its Newton diagram. Assume that the vertices
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(p,0,0), (0,q,0), (0,0,7) of this face are such that p > q > r > 2 and the num-
bers p, q, v are pairwise coprime. Then

if there exist integers a,b, c such that
1o aqr + bpr + cpg = ig, 1 <ig <r — 2,
A fo) = O<a<p 0<-b<gq, 0<—c<r, ig — minimal,

r—1 otherwise.
Moreover, ig can be found algorithmically using only Euclid’s algorithm.

Corollary 4.2. Under the assumptions of Theorem 4.1, if r = 2 then A"%(fy) = 1.
Ezample. For fo(z,y, z) := 21 +9° + 25 we have p = 11, ¢ = 6, » = 5 and

7-qr—5-pr+1-pg=1 — does not satisfy the conditions in the theorem
3-qr—4-pr+2-pg=2 — does not satisfy the conditions in the theorem
10-qr —3-pr—2-pg=3 — do satisfy the conditions in the theorem.
Hence, \"4(fy) = 3. This jump is realized by the deformation

fs(1‘3’2) (x,y,2) := o 498 + 25 + sy

The minimal jump realized by the points lying either in coordinate planes or on axes
is equal to r — 1 = 4.
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NIEZDEGENEROWANY SKOK LICZB MILNORA
OSOBLIWOSCI POWIERZCHNI

Streszczenie

Skok liczby Milnora izolowanej osobliwosci fy jest najwazniejsza niezerowg roznica
miedzy liczbami Milnora rozmaitosci fo i jedng z jej deformacji (f.). Znajdujemy wzor
na skok w pewnej klasie osobliwosci powierzchni w przypadku deformacji i niezdegene-
rowanych.

Stowa kluczowe: liczba Milnora, deformacja osobliwosci osobliwo$é niezdegenerowana, wie-
loscian Newtona
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CONSTRUCTION OF ADJUSTABLE PARAMETERIZED
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Summary

This article describes a construction of adjustable, parameterized algebraic model for
processing of gray level images. Algebraic structures are constructed that generalize known
algebraic model. The proposed method determines analytical expressions for the realization
of arithmetic operations that simultaneously model the human perception of images in the
presence of constant intensity light source. To improve the efficiency of the new algebraic
structure its flexibility is provided by using a parameterization. The analytical expressions
for the construction of algebraic structures on two intervals are obtained. Flexibility of built
algebraic structures is demonstrated.

Keywords and phrases: algebraic structure, real vector space, image processing

1. Introduction

Algebraic structures are one of constructing means of mathematical models for image
processing. It is caused by the fact that images are mostly meant for human analysis
or for the decision making by automated systems. As the human visual system is
characterized by the best properties of the image perception, this property is used
as the base of the image processing methods. For today there are many fields, where
pixels are represented by gray levels — it is medicine (the roentgenography and
the computed axial tomography), the non-destructive quality testing of materials
and products, microscopic investigations. And here the human image perception
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is based on the reaction of his visual system to the light influence. A well-known
psycho-physical Weber-Fechner law states that the perception of the human visual
system is proportional to the logarithm of the stimulus intensity [1]. This logarithmic
relation became the base for the construction of different algebraic structures used
in image processing.

Oppenheim [2, 3] initiated using of logarithmic models in 1965. He applied the
logarithmic scale of the data representation, set in the interval (0,00), described
using the multiplication as the operation of the addition, division as the operation
of the subtraction and raising to the power as multiplication by real scalar. Isomor-
phism was defined by logarithmic function, and inverse function was the exponential
one. Oppenheim realized this model as homomorphic filtering, but he didn’t use op-
erations with gray levels for images. From the other side Jourlin and Pinoli in 1985
in [4-6] showed that it was possible to represent the image as light passing through
translucent environment. They called this approach as Logarithmic Image Process-
ing (LIP) and it was based on algebraic model, in which abstract gray level was a
value from interval (—oo, M), where M > 0. There were defined such operations for
set U = (—oo, M) of gray levels and Vui,us € U:

addition
U1u2
Uy D ug =up + ug — BV
subtraction " v
1— U2
u1Ouy = M ——=
1 2 M — Uy 9
negative element
M -u
O=--— 1
M — (75}

neutral element
e=0:u1bDe=edu,

scalar multiplication by 8 > 0:

ﬁ@ule[l—(l—E)ﬁ},

M
R—U, (b(x):ln(MA{x)

isomorphism ¢:

and the inverse function ¢~!(y):
—10) — Y
U=R, ¢ (y)fM[lfexp(—)}.

One should notice, that developing homomorphic systems and Oppenheim gen-
eralized addition, Shvayster and Peleg suggested log-ratio approaches in [7, 8], con-
sidering images as elements in a vector space, in which operation & of addition X
and Y was defined by expression

(1) XBY =y~ (X)) + (V)
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multiplication ® by real scalar v € R
(2) 1®X = ¢~ [y (X)].

It was shown in [9], that equations (1) and (2) became the basis of construct-
ing of algebraic structures, where arithmetical operations are modelling logarithmic
properties of the human vision system. Described structures have limited options,
because they aren’t flexible. Therefore the aim of the given article is a construction of
adjustable parameterised algebraic models for gray level image processing, which will
consider conditions of human image analysis. Firstly we will describe some known
algebraic models, which can be parameterised, or have interesting properties. Then
we will present new algebraic models, which are generalizing the well-known one,
and are flexible in the practical application.

2. Selected algebraic LIP models

In [10, 11] was suggested parameterization of LIP model for g1, g2 € [0, M), M > 0
with such operations of the addition @, subtraction © and the multiplication #:

~ 9192
91992 =91+ 92 — —F
v(M)
& g1 — 92
Ogy = k(M)—I—"92
91992 = k(M) pam— =

g1%g2 = ¢ '[p(g1) - ©(g2)],

with isomorphism

and the inverse function

“Hg) = A(M) - |1 A
@~ (9) = A(M)- |1 —exp an) |

where v(M), k(M) and A(M )are linear function of the type v(M) = AM + B; A,
B — constant parameters; ¢ is very small constant; 5 > 0. However this created
parameterized algebraic model doesn’t provide symmetrical gray level processing of
images. When processing the input and inverted images the processed input image
will differ from inverted processing of inverted image. This drawback is present in
another LIP model, named logarithmic-like image processing model [10] that uses
such operations for grey levels of image ¢1,¢2 € G = [0, M):

addition:
(1-q)—q2)

dp=1-
1-—qq
subtraction:
q1 — 42

—_—, Q> Qe
1+4q1-92—2¢0

q1 (:)Q2 =
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multiplication by scalar « > 0

a-q
1+ (a—1)q1

More effective LIP model based on the algebraic structure was proposed by Pa-
trascu in [12-14]. Developing the Shvayster and Peleg approach, being based on
Oppenheim works [2, 3| as well as Jourlin and Pinoli [4-6] Patrascu considered the
vector space of gray levels as set E € (—1, 1). For this set in [13-15] was built alge-
braic structure of the vector space (E, (+)1,{x)1) with operation of addition (+);
and multiplication by scalar (x);. These arithmetical operations are described by
such expressions:

a®Q1 =

for addition
(3) u(+)1v = %, Vu,v € E,

for multiplication by real scalar
(1+u)* = (1—u)°

4 =
( ) Oé<><>1u (1+u)a+(1_u)a7 VOZGR,
for subtraction
w—
(5) u{—)v = e Yu,v € E.

Such a vector structure is characterized by an isomorphism

1+
(6) 1 E—>R7<p1(m):1n1_
with the inverse function
-1 1 exp(y) + 1
: R— FE, y) =Iln————.
Sol 901 ( ) eXp(y) 1

Note that function o1 (z) (6) is additive generator for a special case of parametric
Hamacher triangular s-norm for z € [0, 1] [16].

In [9,17] were generalized the mentioned above LIP models based on algebraic
structures of the vector space. It is shown in [18,19] that the base of construction
of such models and obtaining of analytical expressions for the implementation of
addition, multiplication on the real scalar and subtraction operations serve gener-
ator functions of strict triangular s-norm [16,20,21]. Therefore described algebraic
structures of the vector space are opening the possibility of constructing LIP models.
They are constructed using generator functions of logarithmic type. It is a base of
the fact that received arithmetical operations are modelling the properties of the
Weber-Fechner law of human perception of light. Because of Weber-Fechner law is
psychophysical, it is reflecting only the character of the reaction of the human visual
system and is not valid in the wide range of the light intensity influence. It allows to
exploit different logarithmic functions as generators and to construct corresponding
algebraic structures of vector space for different LIP models. Known for today alge-
braic LIP models are not taking into account the possibility of the presence of the
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additional light source when modelling the human perception of the image. There-
fore farther we will build the new algebraic models, which are taking into account
the presence of the additional source of the permanent light when modelling the
human perception of the image.

3. New algebraic LIP models

Isomorphism represents the function of human perception of the light in algebraic
model. However, as follows from (1) and (2) and as shown in [9,18,19], knowing
mapping function can design logarithmic type algebraic structure. Therefore, to
build new algebraic LIP models, will take as a basis the algebraic model Patrascu
(3), (4) [13-15]. In this first construct an algebraic model that reflects a light source
in the perception of image rights and then add this feature to manage its properties
— that make it flexible. Researchers in image processing use data presentation in the
interval (—1,1) and the interval (0, 1). So we construct algebraic structures for both
intervals.

3.1. Adjustable parameterized algebraic LIP model

To build an adjustable algebraic model we use construction technology of logarithmic
type algebraic structures described in [9,18]. We will consider the set F € (-1, 1)
and will build for it algebraic structure (E,(+)2,{x)2) of the vector space with
operations of addition (+)2 and multiplication by scalar (Xx),. Therefore, for the
modelling of the additional source of lighting by the algebraic structure we will
present isomorphism as two-component function

14z

(7) pa(@) =a+pi(e) =a+In .

On this basis we obtain for set E of gray level pixels such expression for arithmetic

operations:
addition
G- +zy)+ B+ 1)(x+y)
8 + = ) v ) EE,
®) = Ny o DA o) Y
where a = In(b), b > 0,
subtraction
b—1D(1—2ay)+(b+1)(x—
(9) =)oy = b-DA-z)+ b+ D=y g

G-D@—y)+ 0+ —ay)’
multiplication by real scalar « € R

T (4 p) — (1 - 2)”
bl 4 a)e 4 (1 —a)>

(10) a(X)ox
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Inverse function @, ' (x) is defined as

Comparing (3) to (8), (4) to (10) and (5) to (9) we see that when b = 1 these
expressions coincide and Patrascu algebraic model is a partial case of the proposed
model.

If we will consider interval (0,1) as the range of variation of gray levels of pixels
z,y € (0, 1) = G, then from formulas (8)—(10) we obtain the following expressions
for the arithmetic operations for new tuned algebraic structures:

for addition
(b—1)(1+z1y1) + b+ 1)(z1 + y1)

(b—1) (1 +y1)+ O+ 1A +z101)’

(11) 2(+)oy =0,54+0,5

where x1 =2x — 1, y1 =2y — 1;
for subtraction
(b—1)(1—z1y1) + (b+1)(x1 — 1)
(b—1)(z1 —y1) + 0+ 1)1 = 2131)’
for multiplication by real scalar « € R
b1+ 21)® — (1 — 2)
b1+ 2p) + (1 —zq)
The set E with operations (4) of addition (8) and the operation of multiplication
(x)a by real scalar (10) form a real vector space, as the set G with operations (+)2
of addition (11) and the operation (x)s of multiplication by real scalar (12).

2(=)oy =0,5+0,5

(12) Ck<>A<>2.’E = 0a5+075

3.2. Flexible adjustable parameterized algebraic LIP model

To create adjustable algebraic model the flexible one, we use the ability to control
the change character of the argument value of function ¢2(z) (7) applying a power
transformation and then receiving as =%, where 5 > 0.

In this way we get a new function

1+ sign(z) - |=|°
1— sign(z) - |z

p3(r) =b+1In

Then, we use the similar technology of constructing logarithmic type algebraic
structures described in [9,18]. We will consider the set E € (—1, 1) and build it’s
algebraic structure (E,(+)s,{x)3) of the vector space with operation of addition
(+)3 and multiplication by scalar (x)s.

On this basis we obtain for set F of gray level pixels such expression for arithmetic
operations:

addition

exp|s1| —1

1
el
, Yo,y e F,
exp|sl|+1) 4

(13) x{+)3y = sign(sy) - (
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where
s1 =In(c-x9-y2),b=1n(c);
1+ sign(z) - |x|ﬁ 1+ sign(y) - \y|ﬁ
T2 = i B Y2 = I B’
1 — sign(z) - |z| 1 — sign(y) - |yl
subtraction
5o — 1)
. exp |sa| —
14 z(—)3y = sign(ss) - | ————— , Ve,y € E|
(1) (S = sign(sa) - (Z2EAZD) vy

where

(c - T )
So =1In ;
Y2
multiplication by real scalar k € R

1
exp |zx| — 1) 7

(15) k(x)sz = sign(ay) - (exp A

where

xp=0b-(k—1)+kIn(zz) = (k — 1)In(c) + kIn(xz) = In(cF1ab).

Inverse function @3 *(z) is defined as

exp(x—b)—l}é

w3 (x) = sign(z —b) - [exp(zb)H

57

When 8 = 1 new algebraic model (13)—(15) corresponds to adjustable algebraic

model (8)—(10).

If we will consider interval (0, 1) as the range of variation of gray levels of pixels

x,y € (0, 1) = G, then from formulas (13)—(15) we obtain the following expressions

for the arithmetic operations for new tuned algebraic structures:

addition
[ssl = 1) *
R ) exp |s3| —
16 z(+)3y =0,54+0,5 - sign(sz) - | ———— )
(16) (Flay gn{ss) (eXp|83|+1>
where
sz =1In(c- x3 - y3);
14 sign(zy) - 217 _ 1+ sign(y) - s
XT3 = ; 5193 — . B’
1 — sign(xy) - |z1] 1 — sign(y1) - [v1]
x1=2zx—1l,y1 =2y—1,
subtraction
1
- . exp |s4] — 1) s
17 (= =0,540,5 sign(sy) - | ——— s
(17) (Z)sy gnlse) <exp|84| +1
where

C-I3
Ys

);

S4 = 11’1(



58 R. Vorobel

multiplication by real scalar k € R

eXp:r41)‘1*

1 < = . si .
(18) k(x)sz =0,5+0,5 - sign(zs) (expm—i—l

where
x4 =b(k —1) + kln(z3) = In(c)(k — 1) + kIn(zs) = In(c* 1 - zF).

The set E with operations (+)3 of addition (13) and the operation of multiplica-
tion (x)s by real scalar (15) form a real vector space, as the set G with operations
(+)3 of addition (16) and the operation (x)3 of multiplication by real scalar (18).

4. Results

New algebraic structures proposed in Section 3 make possible to simulate the pres-
ence of a light source by the human visual system perception of images through
the use of constant component b in expressions that describe arithmetic operations
(8)—(12) and (13)—(18). The use of control parameter 5 makes the new algebraic
structure flexible. The Fig. 1 shows the first hyperplane, which is formed by the ad-
dition function (13) for the values A = 3 and 8 = 0,7, as in Fig.2 — for the values
A=0,7and g =1,5.

These figures confirm adjustability of built algebraic structure and flexibility
through its ability to change the values of control parameter 3.

I
V7771
]
L
HIN

-0.5

Fig. 1: Addition function (13) as the hyperplane Addl (a) with values A =3 and 8 =0,7.
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Fig. 2: Addition function (13) as the hyperplane Add2 (b) with values A = 0,7 and 8 = 1, 5.

5. Conclusions

Application of built algebraic structures improves the efficiency of image processing
by more accurate and precize modelling of human visual image analysis in the pres-
ence of light source of constant intensity. Parameterization of this structure offers
opportunities of adaptive settings of such structures for better image processing.
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KONSTRUOWANIE NASTAWIALNEGO PARAMETRYZOWANEGO
MODELU ALGEBRAICZNEGO DLA OPRACOWANIA OBRAZU
O WIELU POZIOMACH SZAROSCI

Streszczenie

W niniejszej pracy opisano konstruowanie nastawialnego parametryzowanego modelu al-
gebraicznego przeznaczonego dla opracowania obrazow rastrowych. Opracowano struktury
algebraiczne uogolniajace znany model algebraiczny. Opisana zostala metoda otrzymania
w postaci analitycznej wzoréw dla realizacji operacji arytmetycznych, ktére jednoczesnie
modeluja percepcje obrazu cztowiekiem przy obecnodci zrodta,a $wiatta o stalym natezeniu.
W celu poprawy wydajnosci nowej struktury algebraicznej zapewniono jej elastycznosé
przez uzycie parametryzacji. Réwniez zostaly otrzymane wzory analityczne dla konstruowa-
nia struktur algebraicznych na dwoch przedziatach. Zademonstrowano elastycznosé nowych
struktur algebraicznych.

Stowa kluczowe: struktury algebraiczne, przestrzen wektorowa liczb rzeczywistych, przetwa-
rzanie obrazéw
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SOME REMARKS ABOUT FIBONACCI ELEMENTS
IN AN ARBITRARY ALGEBRA

Summary

In this paper, we prove some relations between Fibonacci elements in an arbitrary
algebra. Moreover, we define imaginary Fibonacci quaternions and imaginary Fibonacci
octonions and we prove that always three arbitrary imaginary Fibonacci quaternions are
linear independents and the mixed product of three arbitrary imaginary Fibonacci octonions
is zero.

Keywords and phrases: Fibonacci quaternions, Fibonacci octonions, Fibonacci elements

1. Introduction

Fibonacci elements over some special algebras were intensively studied in the last
time in various papers, as for example: [1]- [13]. All these papers studied properties
of Fibonacci elements in complex numbers, or in quaternions and octonions, or
in generalized Quaternion and Octonion algebras, or studied dual vectors or dual
Fibonacci quaternions.

In this paper, we will prove that some of the obtained identities can be ob-
tained over an arbitrary algebras. We introduce the notions of imaginary Fibonacci
quaternions and imaginary Fibonacci octonions and we prove, using the structure of
the quaternion algebras and octonion algebras, that three arbitrary imaginary Fi-
bonacci quaternions are linear dependents and the mixed product of three arbitrary
imaginary Fibonacci octonions is zero. For other details, properties and applica-
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tions regarding quaternion algebras and octonion algebras, the reader is referred, for
example, to [15], [14].

2. Fibonacci elements in an arbitrary algebra

Let A be a unitary algebra over K (K = R,C) with a basis {eg = 1,e1,€a,...,e,}.
Let {fn}nen be the Fibonacci sequence

fo= o1+ fn2yn>2, fo=0, fi =1

In algebra A, we define the Fibonacci element as follows:
= Z fm—i—k €k-
k=0

Proposition 2.1. With the above notations, the following relations hold:

1) Fryo = Frp1 + F;
p

2) ZE =F,i0— I>.
=1

Proof. 1)

n

Pt + Fn =Y foskrren+ Y fmiwer = O (Fmkr1 + fmsk)es

k=0 k=0 k=0
n
= E fmtkr2 el = Frnqo.
k=0

2)

p n n n
ZFi =M+FK+. . +F== ka:+1 ex + ka+2 e+ ...+ kaer ek

i=1 k=0 k=0 k=0
=eo(fr+..+fp)ter(fot+ ..+ for1) +ea(fs+ ... + fpr2) + ...
+en (fitn + oo+ foin)
=eo(fpre— D +e(fyrs—1=fi) tea(fpra—1—fi—fo)
tes (fpes —1—fi—fa—f3) +...
ten (fptntz =1 = fi—fo— o = fo) = Fpy2 — Fo.

P
We used the identity > fi = fp+2 — 1 (for usual Fibonacci numbers) and 1 +
i=1

3

f1+f2+-~+fn:fn+2‘ O

Remark 2.2. The equalities 1, 2 from the above proposition generalize the corre-
sponding formulae from [2,7-9]
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Proposition 2.3. We have the following formula (Binet formula):

a*am—ﬂ*ﬁm
F,=—
m a—ﬂ )

n n
where o = 1+2\/5, 8= 1*2‘/5, a* = Zakek, p* = 25k€k~
k=0 k=0

o™ —B™

Proof. Using the formula for the real Fibonacci numbers, f,, = SaTp o we obtain

n m_ gm m+1_ gm41 m+2_ gm+2
F = kz_:ofm+kek = aa_g e+ a—g er+ 2 a—g es+ ...
am+n76m+n _ an), ) n
. Ta—g = oo (eo—&—ael—i—a e+ ...+« en)—i—
+ffﬁ (eo + Ber + BPeg + ... + fley,) = =2 aa:g B O

Remark 2.4. The above result generalizes the Binet formulae from the papers
[1,2,6-9].

Theorem 2.5. The generating function for the Fibonacci number over an algebra
is of the form
o+ (F1 — Fo)t

G 1—t—1t2

Proof. We consider the generating function of the form

G(t) = iFmtm.
m=0

We consider the product
GH)(1—t—12) = 3 Fpt™ = 3 Fpt™ — 3 Fpt™ ™ — 3 Ftmt2 =
m=0

m=0 m=0 m=0
=Fy+ Fit+ Lt?+ Ftd + ... — Fot — Fit? — Fot3 — .. —
—Fot? — [P — ottt — .= Fy + (Fy — Fo) t. O

Remark 2.6. The above Theorem generalizes results from the papers [1,2,6-8].

Proposition 2.7.
Fop = (=)™ f By 4 (=)™ frui1 Fo.

Proof. We use induction. For m = 1, we obtain F_, = f1 F} — foFy, which is true.
Now, we assume that it is true for an arbitrary integer k

F_y= (_1)k+1 ol + (—1)k fe1Fo
For k 4+ 1, we obtain
F_ony = (D" fipi B+ (-1 froFo = (1) fu i + (1) frma Bt

+ (U fop Fo+ ()" fuFo = F_(u1y — Foa.
Therefore, this statement is true. g
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Theorem 2.8. (Cassini identity). With the above notations, we have the following
formula

Fro1F1 — F2 = (=1)" (F_1F, — F}).

Proof. We consider

Fr1= fm—leO + fmel + fm+162 + fm+2€3 + ...+ fm+n—1en7
Frq1 = fmi1e0 + fmi2e1 + fmase2 + fmgaes + .o+ fmgnt16n,
Fr = fmeo + fm+1€1 + fm+262 + fm+263 + ...+ fm+n€n-

We compute
Fn1Fmi1 = [ fm-1fmi1€5 + fm—1fmi2e0€1 + fm—1fmiseoea+
+fm—1fmracoes + ... + fmflfm+n+1606n:| + |:fmfm+16160 + fnfmioel+
+fmfm+sere2 + frnfmtaeres +... + fmfm+n+1elenj| + [f72n+1€2€0+
+fms1fmr2eser + fni1 frmi3€3 + frng1 fniacres + ..+ fm+1fm+n+1e2€n] +
+ | fmrafmireseo + fri0€3er + fmrafmiseses + fmiafmraes + ...
ot fm+2fm+n+1€36n] +...4+ |:fm+n—1fm+16neo + frtn—1fmizene1+

fm+n71fm+3€n62 + fm+n71fm+4en63 +...+ fm+n71fm+n+1e72¢:| .

Now, we compute
F2 = {ffneg + fonfma1€0€1 + fnfmao€0€2 + fnfmiseoes + ...
co fmfm+n€06n} + [fm+1fm€1€0 + A€l + fmt1fmizereat
+fm+1fmiseres + ...+ fm—&-lfm—&-nelen} + |:fm+2fm€260 + fm+2fmr1e2e1+
+f 265 + fmiafmiseses +... + fm+2fm+n626n} + {fm+2fme260+
+fmiafmir€2e1 + 2265 + fmiofmiseaes + ... + fm+2fm+n€26n} +
+ | fm+3fme3€0 + fimtsfmi1€3€1 + fmtsfmi2eses + frise3 + ...
RN fm+3fm+n636n} +.t |:fm+nfmen60 + fmtnfmt1€ner + frminfmi2enea+
+fmtnfmisenes + ... + f7271+n€31:|'

We compute the difference
Fp1Fpi — F2 =€ {60 (fm—1fms1 — f2) + €1 (fmo1fmiz — Fmfms1) + - ..
ot en (ot Fntntt = FnFmen) | + €1 €0 FanFrmts = Fru fn) +
+e1 (fmfmia = frgr) + oo 4 en (fnfmintr — fM+1fm+n):|+
+e2 {60 (fai1 = fmaafm) + €1 (fng1fmi2 — g2 fmir) + ..
oot en (fmrt fmtnt1 — fm+2fm+n):| + e3 [60 (fmt2fm+1 — fmt+3fm) +
+e1 (f2ye = fmasfmi1) + oo 4 en (fmi2fmgni1 — fm+3fm+n)] +.oot
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+en [60 (fm+n71fm+1 - fm+nfm) + €1 (fm+n71fm+2 - fernferl) + ...

...t en (fm+n—1fm+n+l - f7%z+n)
Using formula f; f; — fitefj—r = (—1)j7k fitk—jfr (see [16, p. 87|, formula 2)
and the identities f1 = 1, f_p, = (=1)™"" £, (see [16, p. 84]), we obtain

Fone1 P = F2 = o (=)™ |eofy + erfo+ eafs + oo+ nfusa |+

tey (—1)" [eofo +eifi+eafot... + enfn} +

+eo (1) [eof—1 +erfoteafit+... + enfn_1} +

+es (—1)" [eof—2 +eifo1+efot+...+ enfn—Q} + .+

+ (—1)m+n én [eof—n+1 +erfonyateafpiz+. .+ €nf1] =

— (- (eOF1 eyt esF oy —e3F oot 4+ (—1)" enF_nH).
Using Proposition 2.7, we have

Fop1 P = F2 = (=1)" [eoFy — e1Fo + e2 (P = Fy) = 3 (2Fy — Fy) +

+eq (2F) — 3Fy) —e5 (—3Fy +5Fp) + ...

vt e (D" ()" famr P+ ()" o) | =

==~ {(eoffl +eifot+efi+..tenfn1)Fi—

— (foeo + fre1 + faez + ... + fnen) Fo} =(-)" {F—lFl - FOZ]

The theorem is now proved. O

Remark 2.9. i) Similarly, we can prove an analogue of Cassini’s formula:
Fpi1Froy — F2 = (1) [FAF_, — Ff].
ii) Theorem 2.8 generalizes Cassini’s formula for all real algebras.

iii) If the algebra A is algebra of the real numbers R, we have F,, = f,,. From
the above theorem, it results that

fma1fm—1 — fr = (D" [fifor = f3] = (D)™,

which it is the classical Cassini’s identity.

3. Imaginary Fibonacci quaternions and imaginary Fibonacci
octonions

Let H (a, B) be the generalized real quaternion algebra, the algebra of the elements
of the form

a=ai -1+ a2i+ asj+ ask,

where
a; €Ri?=—,j? =B, k=ij=—ji
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We denote by t(a) and n(a) the trace and the norm of a real quaternion a. The
norm of a generalized quaternion has the following expression n (a) = a? + aa3 +
Ba% + afBa3 and the trace is t (a) = 2a;. It is known that for a € H(«, 8), we have
a? —t(a)a+ n(a) = 0. The quaternion algebra H (c, 8) is a division algebra if for
alla € H(a, B), a # 0, we have n (a) # 0, otherwise H («, ) is called a split algebra.

Let O(av, B,7) be a generalized octonion algebra over R, with basis {1, e, ..., er},
the algebra of the elements of the form a = ag+ aie; + azes + azes + ageq + ases +
ases + arer and the multiplication given in the following table:

Table 1.

- [ 1 [ en [ ea] es | ea| e | e[ cer]
1 1 (] €9 €3 €4 €5 €6 er
€1 €1 — €3 —Qer (&159 —Qey — €7 Q€g
€2 €2 —€3 - f Be1 €6 €7 —fey —fes
e3 || es | aex | —fBe; | —af er | —aeg Bes | —afey
€4 €4 —€5 — €6 — €7 - Ye1 V€2 V€3
€5 €5 ey —e7 Qeég —7€1 —ay —es Qe
e || es er Bes | —Bes | —yea ves | =By | —Brer
er || er | —aes | Pes | aBes | —vyez | —ayes | Byer | —afy

The algebra O(«, 8,) is non-commutative and non-associative.
If

a€0(a, B,7), a=ao+aier +azez + ases + ases + ases + ages + arer
then
a = ag— a1€] — ey — A3e3 — Q464 — A5€5 — AgEg — A7€7
is called the conjugate of the element a. The scalars t (a) = a+a € R and
n(a) = a@ = a3 + aa? + Ba3 + afai + vai + ayai + Byai + afyad? € R,
are called the trace, respectively, the norm of the element a € A. It follows that
a’—t(a)a+n(a) =0,Va € A.The octonion algebra O («, 3,7) is a division algebra

if for all @ € O(a, B,7), a # 0 we have n (a) # 0, otherwise O («, 8,7) is called a
split algebra.

Let V be a real vector space of dimension n and <, > be the inner product. The
cross product on V' is a continuous map

X:V*=V,se{l,2,..,n}
with the following properties:
1) < X (21,..7s),2; >=0,i € {1,2,...,s};
2) < X (21, ...ws), X (21, ...ws) >=det (< z;, z; >) (see [17]).
In [18], was proved that if d = dimg V, therefore d € {0,1,3,7} (see [18], Propo-
sition 3).
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The values 0,1,3 and 7 for dimension are obtained from Hurwitz’s theorem,
since the real Hurwitz division algebras H exist only for dimensions 1,2,4 and 8.
In this situations, the cross product is obtained from the product of the normed
division algebra, restricting it to imaginary subspace of the algebra H, which can
be of dimension 0,1,3 or 7 (see [19]). It is known that the real Hurwitz division
algebras are only: the real numbers, the complex numbers, the quaternions and the
octonions (see [14]).

In R3 with the canonical basis {i1, 2,43}, the cross product of two linearly inde-
pendent vectors x = x4 + Tais +x3i3 and y = y111 + Y202 + y3i3 is a vector, denoted
by x x y, which can be expressed computing the following formal determinant

11 G2 13
TXY=| Ty T2 I3
Yy Y2 Y3

The cross product can also be described using the quaternions and the basis
{i1,i2,i3} as a standard basis for R®. If a vector # € R3 has the form = = xyi; +
Tl + x3i3 and it is represented as the quaternion x = x1i+ zoj + x3k, therefore the
cross product of two vectors has the form =z X y = xy+ < x,y >, where < z,y >=
T1Y1 + T2y + x3ys is the inner product.

A cross product for 7-dimensional vectors can be obtained in the same way, by
using the octonions instead of the quaternions. If

7 7
T = E r;e; and y= E yiei
i=0 i=0

are two imaginary octonions, therefore
TXy = (T2ys — Taye + T3Y7 — T7Y3 + TsYe — TeYs) €1+
+(23ys — T5Y3 + Tay1 — T1Ya + Teyr — T7Y6) €2+
+(ZaY6 — TeYa + T5Y2 — T2Ys + T7Y1 — T1Y7) €3+
(1) +

+

)

)

T5Yr — T7Ys + TeYs — T3Ye + T1Y2 — Tay1) €t

TeY1 — T1Y6 + T7Ys — Tay7 + TaYz — T3ya) €5+
)

(
(
(
+(@7y2 — T2y7 + T1Y5 — T5Y1 + T3Ys — TaY3) €6+
+(71y3 — T3Y1 + T2Ye — TeY2 + TaYs — Tsya) €7,

see [20] and [21].

Let H be the real division quaternion algebra (obtained for @« = § = 1) and
Hy = {z € H | t(x) = 0}. An element F,, € Hj is called an imaginary Fibonacci
quaternion element if it is on the form

Fn = fn+li + fn+2j + fn+3k7

where (fy,),,cy is the Fibonacci numbers sequence.
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In the proof of the following results, we will use some relations between Fibonacci
numbers, namely:
D’Ocagne’s identity

(2) fmfn+1 - fnfm+1 = (_1>n fmfn

see relation (33) from [22], and
Johnson’s identity

(3) fafb - fcfd = (_1)T (fafrfbfr - fcfrfdfr) 5

for arbitrary integers a, b, ¢,d, and r with a + b = ¢ + d, see relation (36) from [22].
Let Fy, F,, F,, be three imaginary Fibonacci quaternions. We have the following
results.

Proposition 3.1. With the above notations, for three arbitrary Fibonacci imaginary
quaternions, we have

< Fyp x F,,, F,, >=0.

Therefore, the vectors Fy, Fy,, F,, are linear dependents.

The above result is similar with the result for dual Fibonacci vectors obtained
in [6], Theorem 11.

Let O be the real division octonion algebra (obtained for « = 8 =~ =1) and

0o = {z € H| t (z) = 0}.

An element F,, € Qy is called an imaginary Fibonacci octonion element if it is of the
form

F, = for1e1 + foyoer + fnyses + fnraes + fayses + fnvses + frirer,

where (fr),cn
is the Fibonacci numbers sequence. Let Fy, F),, F;, be three imaginary Fibonacci
octonions.

Proposition 3.2. With the above notations, for three arbitrary Fibonacci imaginary
octonions, we have

< Fi x F,, F, >=0.

Proof. Using formulae (1), (2) and (3), we will compute Fj, X Fy,.

The coefficient of e is

Im+2fota — forefmea + fmasforr — fotafmer + fmasfore— fotsfmre =
= fmfr+2 = fofmy2 = fmSota + fofmta — fmfot1t fofmsr =

= fm (fk+2 - fk+4 - fk-i-l) + fk (_fm+2 + fm+4 + fm-i-l) =

= fon (fe = foda) + fr (frnra — frn) =

= _fm (3fk+1 + fk) + fk (3fm+1 + fm) =

= =3 (fmfos1 — Fifms1) = =3 (=1)" frms
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The coefficient of e5 is
Im+3fots — fetsfmas + fmtafot1r — forafmer + fmreforr— fotefmer =
= _fmfk-‘rQ + fkfm—i—2 - fm+3fk + fk+3fm + fmfk-‘rl_ fkfm-i—l =
= fm (= frr2 + fors + fror1) + fio (fma2 = fmas = fms1) =
= 2(fmfrs1 = frfmir) = 2(=D)" fon.
The coefficient of ez is
fmtafree — fmesfrers + fmasfere — forefrors + ot foerr— fearfmer =
= fofrre — fma2fe + fmi3fe — ffeas — fovefr + fmfrve =
= fon (frov2 = fraz + fore) + fr (= fna2 + fnaz — fine) =
=7 (fmfrs1 — Frfms1) =T (=1 fi.
The coefficient of e4 is
Jm+sferr — fersfmrr + fmr6fers — fer6fmts + fmr1fere— fomr2fot1 =
= —fmfrr2 + fofmiz = frmasfe + forsfm — fforr + frofmir =
= fm (=fot2 + o3 — fr1) = 0.
The coefficient of es is
frv6fer1 — frevefmit + frmirfotra — fearfmya + frmrefoaz— ferofmys =
= —fmts5fe + forsfm + fmasfe — foesfm + fmforr — frofmir =
= fn (fots — fras + frr1) + fo (= fmas + fnts — fmy1) =
=4 (fmfrsr = fefmi1) = 41" fru.
The coeflicient of eg is
fmarfrve — fearfmre + a1 feas — fevrfmes + a3 fera— feasfmea =
= fmasfr — fraesfm — fmSfrva + fofmaa — fforr+ fofmer =
= fon (= frts = frva — fo—1) + fr (frous + froa + foo1) =
= 9 (funfit1 — frfms1) = =9(=1)" frn_i.
The coefficient of e7 is
Jm+1fe+s — fet1fmts + fmr2fere — fer2fmre + fmtafers— ferafmis =
= fm (= frr2 + fora + fror1) + fo (fma2 — fmva — fmy1) =
=3 (fmfrs1 — fofme1) = 3(=1)" frr.
We obtain that
Fi, x F,, = (—1)k fm—k (—361 + 2e9 4 Tez + 4es — 9egq +367).
Therefore
< Fi % Fopy By >= (=" foomi (= 3fns1 + 2fnsa + Tfats + 4fnts—
=916+ 3fnt7) = —2fnt2 + 2fns1 + 2fn = 0.
The proposition is proved. O

Conclusions

In this paper, we proved that some of the identities obtained for Fibonacci quater-
nions and Fibonacci octonions can be obtained in an arbitrary algebras. In the same
manner, similar identities and their applications, as for example D’Ocagne’s iden-
tity or Johnson’s identity, can be obtained. We introduced the notions of imaginary
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Fibonacci quaternions and imaginary Fibonacci octonions and we proved that three

arbitrary imaginary Fibonacci quaternions are linear dependents and the mixed

product of three arbitrary imaginary Fibonacci octonions is zero.
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UWAGI O ELEMENTACH FIBONACCIEGO DOWOLNEJ ALGEBRY

Streszczenie

W pracy dowodzimy pewnych relacji miedzy elementami Fibonacciego w dowolnej alge-
brze. Ponadto definiujemy urojone kwaterniony Fibonacciego i urojone oktoniony Fibonac-
ciego oraz dowodzimy, ze zawsze trzy dowolne urojone kwaterniony Fibonacciego sa liniowo
niezalezne, a mieszane iloczyny trzech dowolnych urojonych oktonionéw Fibonacciego sa
réwne zeru.

Stowa kluczowe: kwaterniony Fibonacciego, oktoniony Fibonacciego, elementy Fibonacciego
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Summary

Spin wave resonance spectra for the system of three ferromagnetic layers divided by
nonmagnetic spacers have been calculated. The Green function method has been used to
calculate basics characteristics of spin wave resonance spectra. The effects of damping due
spin-spin interaction leading to non-zero line-width of ferromagnetic resonance peaks have
been additionally taken into account. The influence of interaction parameters appearing in
used model on the spin wave patterns and the shape of resonance lines has been shown.
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systems

1. Introduction

Interest in properties of magnetic ultrathin metallic films exchange coupled by non-
magnetic spacer has been growing considerably in last two decades due to increasing
ability to produce samples of controlled quality and their technical importance (see
e.g. [1, 2]). Beside of the problem of interlayer exchange coupling, which has been
investigated by means of various theoretical methods also, basic magnetic properties
of multilayer systems have been examined both by experimentalists and theoretician
[3-10].
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In particular the problem of elementary magnetic excitations in multilayers has
been considered in many papers, where magnon dispersion relation or spin wave spec-
tra have been obtained [11-17]. Recently, theoretical and experimental approaches
dedicated to layered systems showed the role of the anisotropic factors is very im-
portant for proper description of their properties [18-20]. However, little attention
has been up to now paid to the problem of magnon damping effects and its influence
on the shape of spin wave resonance lines. In presented paper a Green’s function
method allowing to calculate spin wave spectra including profiles of FMR lines [21]
is applied to a triple layer system.

2. Method and calculations

A system consisting of three homogeneous ferromagnetic layers separated by non-
magnetic spacers is considered. Each ferromagnetic sublayer is made of N; (I =
1,2, 3) monolayers. To avoid the problem connected with detailed magnetic struc-
ture and rearrangement [3] we assume that an externally applied static magnetic field
of the strength in the range corresponding to the ferromagnetic resonance condition
is oriented perpendicularly to the film surface and all the spins can be considered
statically as parallel to the external field.

We focus our attention on the exchange modes that can be separated from the
magnetostatic ones by the proper choice of radiofrequencies. The effective field Heg
acting on a spin is taken as a sum of the external uniform field, the demagnetising
field and the uniaxial bulk anisotropy field. The system is described by Heisenberg
Hamiltonian consisting of the exchange, single ion anisotropy, Zeeman and dipolar
coupling terms. We denote by J; the exchange integrals for sublayers, while Ji5 and
Jos stand for the parameters of exchange interaction between spins belonging to
interface layers in different magnetic sublayers.

Below we will focus our on low temperature properties of layered composite and
use in calculations the Green function method in Random Phase Approximation
(RPA) [10, 21]. Magnetisation of the monolayer layer v in the layered system con-
sisting of N1 + Ny + N3 monolayers is given by:

<S§> =5- Pvs
(1)
N1+N2+N3 2
1 bz (k;)
<'0V = EZ Z (E(ki,ﬁ)> ’
h i=1 e kT ~1

where b, (k;) stand for amplitudes of spin waves with wave vectors k; and energy
E(k;,h) propagating in the system. The following set of equations for coefficients
b, (k;) can be obtained:
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[131 - a(kiO} bi(k;) + ba(k;) =0,

b ) = | 212 = )] o, () + 20w, (8) =0,

— - a(ki):| b, +1(ki) + bny42(ki) =0,

J:
baca () = | 222 ()| + b (h) =

J—a(ki)] bny+1 (ki) + by g2(ki) = 0,

D
b2 ) = | 22 = i) o ) =0
The anisotropy in the layer v is assumed to be in the following form:
(3) Ay =A+ A126n N1 + A230N, No+1 + D161,2 + D3bn,—1, ;-

Aqs and Ass are the anisotropy at the interface between fist and second and second
and third magnetic layer, respectively. D1 and D3 denote surface anisotropy at the
surface belonging to external layers. The term «(k;) = 2cos(k;) is proportional to
the energy of elementary excitation [10]. The set of allowed values of k; can be
found by solving the characteristic equation obtained employing the transfer matrix
method [22]. For the sake of simplicity we assume N7 = No = N3 = N. Then the
characteristics equation reads:
[X 4+ (1= Dy)][X + (1 = D3)]
{x1 — (1= D1)za+ (1 —D3)[(1 — Dy)x3 — x2]}
[X + (1= Ds)l{z1 — (1 — D3)zz + [X +2(1 — D)
(4) x [(1 = D3)xs — 2]}
— Jo3 [ X+ (1= D) {z1 — (1 — D1)xo + [X + 2(1 — D3)]
x [(1 = Dy)ws — a2}
+ Jiodoz{x1 —2[X + (1 — Dy) + (1 — D3)z2]
+[X +2(1—Dy)] [X+2(1—D3)]zs} =0,

X
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where

5) _ sin(N + 1)k — sin Nk
sin(N — 1)k — sin Nk’

(6) x1 = sin(N + 1)k,

(7) xg = sin Nk,

(8) x3 = sin(N — 1)k.

The characteristic equation for the wave vectors k; is convenient for calculation of
the positions and relative intensities of spin wave resonance modes. Described up
to now method doesn’t, however, allow to obtain the line shape of the resonance
picture.

To take into account the effects of damping which may be due to spin-spin
interaction, existence of magnetic surface single-ion anisotropy and interaction of
the magnetic system with lattice vibrations, the two-dimensional Fourier transform
gujv i (E) of the Green function G, ./ (t —t') should be written [21, 23-24] as:

Ay ((5%))
9 viv'g’! FE) = —_ =
o) s (B) =
with
(10) Eyjurjr = Eyjurje +iTyjur .

Then the transformation coefficients to the momentum space take the form [21]:

1 321\[: by (ki)by (k;)

(11) Quu(B) = 5 B B T)
where
(12) E(k;h) = E(ky, h) + il (k;, h).

The imaginary part of energy term can be calculated on the base of relaxation
equation [25]:

(13) L(ki, h) = - sz S0y = (S2)eal

where the parameter 7 stands for relaxatlon time. It has been, for example, estimated
by Wesselinova [26, 27 | for damping due to magnon-magnon interaction.

Equation (13) allows one to write the spectral density as [23]:
(579 1 L(ki, h)

T B

e -1 (E—E(ki,ﬁ))zﬁhlﬂ(kiﬁ).

(14) I(Ek;) =

The spectral density can be used to calculate the spin wave resonance spectra in the
way described in [21]. For the magnetic field polarized in x direction the formula for
absorbed power is in the form:
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(15) W(E)

Z E2Elrczrl
~ (B2 — E2_, —T?2)° 4 (2ET)?’

Irez
where [ denotes the number of resonance line. Equation (15) gives a continuous
distribution of resonance intensity, therefore it reflects better the real situations
observed in FMR experiments than calculations neglecting damping effects.
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Fig. 1: Intensity distribution for the magnetic field polarized in x direction for triple layer
consisting of 60 magnetic monolayers (N1 = N2 = N3 = 20) for Jy12/J = J23/J = 0.1 and
D,/J =Ds3/J =1.0.
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The numerical calculations based on the presented above formalism have been
carried out for the exchange triple layer system. Positions of resonance peaks have
been calculated employing method proposed in [28, 29] and next the spin wave
spectrum has been obtained including the damping term derived on the basis of
results of Wesselinowa [26, 27]. The results obtained are presented in Figs 1-4 as a
function of interaction parameters.
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Fig. 2: Intensity distribution for the magnetic field polarized in x direction for triple layer
consisting of 60 magnetic monolayers (N1 = N2 = N3 = 20) for Ji2/J = Jos/J = —0.1
and Dl/J = D3/J =1.0.
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Fig. 3: Intensity distribution for the magnetic field polarized in x direction for triple layer
consisting of 60 magnetic monolayers (N1 = N2 = N3 = 20) for Ji2/J = Ja3/J = 0.25
and D1/J = Dg/J = 0.0.

3. Final remarks

The results presented in this paper show that introducing damping effect even on
the basis of phenomenological relaxation equation gives possibility of calculation of
more realistic resonance spectra with non-zero line-width. It would be interesting
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Fig. 4: Intensity distribution for the magnetic field polarized in = direction for triple layer
consisting of 60 magnetic monolayers (N1 = N2 = N3 = 20) for Ji2/J = Ja3/J = —0.25
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and D /J = Ds/.J = 0.0.

to compare spectra obtained introducing different sources of dumping. An attempt
to calculate spin wave characteristics for materials of anisotropy distribution across
layers has been done in [30]. The results obtained which are only of qualitative
character show that introducing of non-uniform anisotropy leads to modification of
resonance spectra which is similar to the effect caused by the existence of roughness

at the surface and interfaces of the sample.
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PROFILE REZONANSU FAL SPINOWYCH
W POTROJNYCH WARSTWACH MAGNETYCZNYCH

Streszczenie

W pracy wyliczone sa widma rezonansu fal spinowych dla ukladu trzech warstw fer-
romagnetycznych przedzielonych niemagnetycznymi przekladkami. Metoda funkcji Greena
jest zastosowana dla wyznaczenia podstawowych charakterystyk rezonansu fal spinowych.
Efekty tlumienia zwigzane z oddzialywaniem spin-spin, ktore prowadza do niezerowej sze-
rokosdci linii rezonansowych, zostaly dodatkowo wziete pod uwage. Pokazano jaki wplyw na
widma rezonansowe i ksztalt linii maja parametry oddzialywan wystepujace w stosowanym
modelu.

Stowa kluczowe: rezonans fal spinowych, metoda funkcji Greena, magnetyczne ukltady
warstwowe
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Summary

We study a constrained minimum energy problem with an external field relative to
the a-Riesz kernel |z — y|*™™ of an arbitrary order a € (0,n) for a generalized condenser
A = (Ay, Ay) with touching oppositely-charged plates in R", n > 2. Conditions sufficient
for the solvability of the problem are obtained. Our arguments are mainly based on the
definition of an appropriate metric structure on a set of vector measures associated with
A and the establishment of a completeness theorem for the corresponding metric space.

Keywords and phrases: Minimum Riesz energy problems, external field, constraint, con-
denser with touching plates, strong completeness theorem for vector measures

1. Introduction

This paper is devoted to the well-known Gauss variational problem of minimizing
the a-Riesz energy, a € (0,n), in the presence of an external field, treated for
a generalized condenser A with touching oppositely-charged plates A;, Ay C R™,
n > 2. In the case where the Euclidean distance dist(A;, As) between Ay and As is
nonzero (which might happen if A; and As touch each other only at the Alexandroff
point wgn ), a fairly complete investigation of this problem has been provided in [17,
18] (see also the bibliography therein; see Section 3.3 below for a short review).
However, the results obtained in [17,18] and the approach developed are no longer
valid if dist (A1, A2) = 0 (e.g, if A and A, touch each other at a finite point 2z € R™).
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Then the infimum of the Gauss functional can not, in general, be attained among
the admissible measures. Using the electrostatic interpretation, which is possible
for the Coulomb kernel |z — y|~! on R3, a short-circuit between A; and As might
occur. Therefore, it is meaningful to ask what kind of additional requirements on
the charges (measures) under consideration would prevent this phenomenon.

A natural idea, to be exploited below, is to impose an upper constraint on vector
measures associated with A so that the infimum of the Gauss functional over the
corresponding (narrower) class of constrained admissible vector measures would be
already an actual minimum. See Section 3.4 for a precise formulation of the con-
strained problem; as for the history of the question, cf. Remarks 3.10-3.12.

A statement on the solvability of the constrained Gauss variational problem is
given by Theorem 4.1, the main result of the study. Its proof is based on the definition
of an appropriate metric structure on a set of vector measures associated with A
and the establishment of a completeness theorem for the corresponding metric space
(see Theorem 5.1). The results obtained are illustrated by Example 4.2.

2. Preliminaries

Let X be a locally compact Hausdorff space, to be specified below, and 9(X) the
linear space of all real-valued scalar Radon measures p on X, equipped with the
vague topology, i.e. the topology of pointwise convergence on the class Co(X) of
all real-valued continuous functions on X with compact support. We denote by u™
and p~ the positive and the negative parts in the Hahn—Jordan decomposition of a
measure p € M(X), respectively, and by S§ its support. These and other notions
of the theory of measures and integration in a locally compact space, to be used
throughout the paper, can be found in [3,8] (see also [9] for a short review).

A kernel k(x,y) on X is a symmetric, lower semicontinuous function £ : X x X —
[0, 00]. Given p, pq1 € M(X), let E,(u, p1) and UK(-) denote the mutual energy and
the potential relative to the kernel x, respectively, i.e.

Eammwzjkmwmm®unwwx

lwu»:/k@wmmm,xex

(When introducing notation, we assume the corresponding object on the right to be
well defined — as a finite number or +00.)

For p = p1, the mutual energy E,(u, 1) defines the energy E.(n) := Eq(p, ).
Let &,(X) consist of all p € M(X) whose energy E,(u) is finite.

Having denoted by 9" (X) the convex cone of all nonnegative p € M(X), we
write

EF(X) := M (X) N E(X).

Given a set B C X, B # X, let MT(B; X) consist of all u € MT(X) concentrated
in B, and let £F(B;X) 1= £.(X) N IMT(B; X).
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Observe that, if B is closed, then p € 9+ (X) belongs to 9T (B;X) if and only
if the set X \ B is p-negligible (or, equivalently, if S C B). Furthermore, then
M (B;X) and EF(B;X) are closed in the induced vague topology (see, e.g., [9]).

Let Cx(B) be the interior capacity of B relative to the kernel «, given by

Co(B) = | inf En(w)]
e (BX): p(B)=1
see, e.g., [9,13]. Then 0 < C(B) < oo. (Here, as usual, the infimum over the empty
set is taken to be +o00. We also put 1/(+00) =0 and 1/0 = +o0.)

A kernel k is called strictly positive definite if the energy E.(u), p € MM(X), is
nonnegative whenever defined and E, (p) = 0 implies g = 0. Then &,(X) forms a
pre-Hilbert space with the scalar product E,(u, 1) and the norm ||p||x := / Ex (1)
(see [9]). The topology on &.(X) defined by || - || ; is said to be strong.

Following Fuglede [9], we call a strictly positive definite kernel k perfect if any
strong Cauchy sequence in £ (X) converges strongly and, in addition, the strong
topology on £ (X) is finer than the induced vague topology on £ (X). Note that
then £F(X) is a strongly complete metric space.

3. Unconstrained and constrained Gauss variational problems

Throughout the paper, let n > 2, n € N, and a € (0,n) be fixed. In X = R",
consider the a-Riesz kernel ko (x,y) := |v —y|*~™ of order «, where |z — y| denotes
the Euclidean distance between = and y in R™. The a-Riesz kernel is known to be
strictly positive definite and, moreover, perfect (see [5,6]); hence, the metric space
£l (R™) is complete in the induced strong topology. However, by Cartan [4] (see
also [12, Theorem 1.19]), the whole pre-Hilbert space &, (R"™) for o € (1,n) is
strongly incomplete (compare with Theorem 5.1 and Remark 5.2 below).

From now on we shall write simply « instead of x,, if it serves as an index. E.g.,
Cu() = Cy,(+) denotes the a-Riesz interior capacity of a set. An expression U(z),
involving a variable point 2 € R™, is said to subsist nearly everywhere (n.e.) in a set
B Cc R™ if Co(N) =0, where N consists of all © € B for which U(z) fails to hold.

3.1. Generalized condensers. Vector measures and their a-Riesz energies

Given B C R”, write B¢ := R" \ B. Recall that a (standard) condenser in R"
is usually meant as an ordered pair of nonempty, closed (though not necessarily
compact), nonintersecting sets in R”. We extend this notion as follows.

Definition 3.1. An ordered pair A := (Aj, A2) of nonempty sets in R™ is called a
generalized condenser if the following two conditions are fulfilled for every ¢ = 1,2:

(a) A; C D;, where D; := (CanAj)c, J 7& %

(b) A; is closed in the relative topology of the (open) set D;.
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Observe that the notion of a generalized condenser A = (A, Az) is reduced to
that of a standard one if and only if the sets A;, i = 1,2, are closed in R™.

In the example below, n = 3 and B(z,1) is the closed three-dimensional ball of
radius 1 centered at z € R3.

Example 3.2. Consider B(&1,1) and B(&,1) with & = (0,0,0) and & = (2,0,0);
these balls intersect each other at & = (1,0,0). Then the sets A; == B(&,1)\ {&o},
1 = 1,2, satisfy both assumptions (a) and (b) from Definition 3.1 and, hence, form
a generalized condenser A in R3, which certainly is not a standard one.

In all that follows, fix a generalized condenser A = (A;, A3) such that A; # D;
for all ¢ = 1,2. To avoid triviality, suppose
IT ca(a) >o0.
i=1,2
Let M*(A) stand for the Cartesian product [[,_, , M+ (A;; D;), where D; is
thought of as a locally compact space. Then v € 9T (A) is a nonnegative vector
measure (v");=1,2 with the components v* € IMT(A4;; D;); it is said to be associated
with the condenser A.

Definition 3.3. The A-vague topology on MT(A) is the topology of the product
space [[;_; o 9T (A;; D;), where each of the factors M* (A;; D;), i = 1,2, is endowed
with the vague topology induced from 9(D;).

As A, is closed in D;, MT(A) is A-vaguely closed. Besides, since every M(D;) is
Hausdorff, so is 9T (A) (see [11, Chapter 3, Theorem 5]). Hence, an A-vague limit
of any {v}ren C MM (A) belongs to M (A) and is unique (provided it exists).

If v € M+ (A) and a vector-valued function u = (u;);—1 > with the v’-measurable
components u; : A; = [—00, 00| are given, then we write

(u,v) = Z /uidui.

i=1,2
We call A; and A, the positive and the negative plates of A, respectively. In
accordance with the electrostatic interpretation of a condenser, assume that the
interaction between the charges lying on the conductors A;, i = 1,2, is characterized
by the matrix (s;s;); j=1,2, where

. +1 if i=1

= A, = ’

A { ~1 i i=2.
Then the a-Riesz mutual energy of v,vq € MT(A) is given formally by

(3.1) E,(v,vy) = Z sisj/|x—y|a7" d(v' @ V) (z,y).

i,j=1,2
For v = vy, E,(v,v;) defines the a-Riesz energy E,(v) := E,(v,v) of v. We
denote by EF(A) the set of all v € MM (A) whose energy E, (v) is finite.
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3.2. Metric structure on classes of vector measures

Let M+ (A) consist of all v € M+ (A) such that each of its components %, i = 1,2,
can be extended to a Radon measure on R™ (denote it again by v*) by setting
V'(p) = (xp,p, ") forall pe Co(R"),
where xp, is the characteristic function of D;. A sufficient condition for v € IMMT(A)
to belong to MT(A) is that v(A;) < oo for all i = 1,2. Also note that
(3.2) MH(A) =M (A) < A is standard;
otherwise, M* (A) forms a proper subset of MM+ (A) that is not A-vaguely closed.
For any v € M (A), write
(3.3) Rv = Z st
i=1,2
then Rv is a signed scalar Radon measure on R™. Since A1 N As = @, R is a
one-to-one mapping between 9T (A) and its R-image,
R(OMH(A)) = {v e MR") : vH € MT(Ay; D), v~ € MH(Az; Do)}

Lemma 3.4. For any v,v; € Efﬂ"’(A), E,(v,vy) is well defined if and only if so is
E.(Rv,Rvy), and then they coincide:

(3.4) E,(v,v1) = E,(Rv, Ruvy).

Proof. Indeed, this can be obtained directly from (3.1) and (3.3). O

In view of the strict positive definiteness of the a-Riesz kernel, Lemma 3.4 yields
that E,(v), v € MT(A), is > 0 whenever defined, and it is zero only for v = 0.
Write EF(A) := EF(A) NIMT(A). Having defined

. o . q1/2 o
v —villgs a) = [ Z $i8;Eq (V' — vt 17 — 1/])} for all v,v; € ES(A),
i,j=1,2
we also see from (3.4) by means of a straightforward calculation that, in fact,
(3.5) v —villgs(a) = IRV — Rvia,

so that £ (A) forms a metric space with the metric ||v — v1|[g+(a)- Since, in con-

sequence of (3.5), £F(A) and its R-image are isometric, similar to the terminology
in £,(R™) we shall call the topology of the metric space £+ (A) strong.

3.3. Unconstrained f-weighted minimum o-Riesz energy problem

Given a locally compact space X, let ®(X) consist of all lower semicontinuous func-
tions ¢ : X — (—00, 00] such that ¢ > 0 unless X is compact. Then for any ¢ € ®(X),
the map

e (Y, ), pe MH(X),
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is vaguely lower semicontinuous (see, e.g., [9, Section 1.1]).

Fix a vector-valued function f = (f;)i=1,2, where each f; : A; — [—00, 0] is
universally measurable and it is treated as an external field acting on the charges
from M*(A;; D;). Then the f-weighted a-Riesz energy of v € EF(A) is defined by

(3.6) Gas(V) := E,(v) + 2(f,v);

Ga£(+) is also known as the Gauss functional (see, e.g., [13]). Let E;f(A) consist of
all v € EF (A) with finite G, ¢(v).
In this paper, we tacitly assume that one of the following Cases I or II holds:

I. For every i = 1,2, f; € ®(4;), where A; is thought of as a locally compact
space;

II. For every i =1,2, f; = siU(ﬂAJ where a (signed) scalar measure ¢ € E,(R™)
18 given. /

For any v € £ (A), Go.(v) is then well defined in both Cases I and I1. Furthermore,
if Case II takes place, then, by (3.6) and (3.4),

(3.7) Gat(W) = |RV[5+2 Y siBal(,v)

i=1,2
= |Rv|% 4+ 2Ea(¢, Ry) = ||Rv +C|J2% — (<12
and, consequently,
(3.8) —00 < —|[¢]]2 € Gag(v) <o forall ve&l(A).

Also fix a numerical vector a = (a;);=1,2 with a; > 0 and a vector-valued function
g = (gi)i=1,2, where all the g, : D; — (0, 00) are continuous and such that

(3.9) giint = inf gi(x) > 0.

Write

M*(A,a,g):={reM(A): (gi,v") =a; forall i=1, 2},
g;f(Av aa g) = m_‘—(Av aa g) N gotf(A%
Ga

,f(Avaa g) = inf Goz,f(y)‘
ueﬁctf(A,a,g)

Observe that, because of (3.9),
V(A < aigi_’ﬁlf <oo forall veM (A a,g)
and, therefore,
(3.10) M (A,a,g) CMT(A), £(A ag) CE(A)

Combined these with Lemma 3.4 and the fact that a lower semicontinuous function
is bounded from below on a compact set, in Case I we obtain

Gaof(A,a,g) > —o0.
The same holds true in Case II as well, which is obvious from (3.8) and (3.10).
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If the class Sotf(A, a, g) is nonempty or, equivalently, if
(3.11) Gat(A,a,g) < oo,

then the following (unconstrained) f-weighted minimum a-Riesz energy problem,
also known as the Gauss variational problem (see [10,13]), makes sense.

Problem 3.5. Does there exist Ap € Eif(A,a, g) with G (Aa) = Gas(A,a,g)?

Remark 3.6. Analysis similar to that for a standard condenser (cf. Lemma 6.2
n [17]) shows that assumption (3.11) is equivalent to the following one:

filx) <o n.ein A; i=1,2.

In turn, this yields that (3.11) holds automatically whenever Case 11 takes place, for
the a-Riesz potential of ¢ € E,(R™) is finite n.e. in R™.

Remark 3.7. In the case where every A; is compact in D; (i.e., A is a compact
standard condenser) and Case 1 takes place, the solvability of Problem 3.5 can easily
be established by exploiting the A-vague topology only, since then M (A, a,g) is
A-vaguely compact, while Gu¢(-) is A-vaguely lower semicontinuous on S;r’f(A)
(see [13, Theorem 2.30]). However, these arguments break down if any of the two
requirements is not satisfied, and then Problem 3.5 becomes rather nontrivial. E.g.,
M (A, a,g) is no longer A-vaguely compact if some of the A; is noncompact in D;.

Remark 3.8. Assume that A is still a standard condenser, though now, in contrast
to Remark 3.7, its plates might be noncompact in R™. Under the assumption

(3.12) dist (A1, Ag) := :vEA}?E}EAz |z —y| >0,

in [17,18] we worked out an approach based on both the A-vague and the strong
topologies on EF(A) and a certain strong completeness result, which made it possible
to provide a fairly complete analysis of Problem 3.5. In more detail, it has been shown
that, if gila,, i = 1,2, are bounded from above, then, in both Cases I and 11,

(313) Ca(Al U Ag) < o0

is sufficient for Problem 3.5 to be (uniquely) solvable for every a (see [17], Theo-
rem 8.1). However, if (3.13) does not hold, then, in general, there exists a vector a’
such that the Gauss variational problem admits no solution [17]. Therefore, it was
interesting to give a description of the set of all vectors a for which the problem would
be, nevertheless, solvable. Such a characterization has been established in [18].

In the rest of the paper, except for Remark 3.10, we do not assume (3.12) nec-
essarily to hold. Then the results obtained in [17,18] and the approach developed
are no longer valid. In particular, assumption (3.13) does not guarantee anymore
that G, r(A,a,g) is attained among v € Eotf(A,a, g). Using the electrostatic in-
terpretation, a short-circuit between the touching oppositely-charged plates of the
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condenser might occur. Therefore, it is meaningful to ask what kind of additional
requirements on the measures under consideration would prevent this phenomenon,
and a solution to the corresponding f-weighted minimum a-Riesz energy problem
would, nevertheless, exist.

The idea discussed below is to find out such an upper constraint on the measures
from MM+ (A, a, g) which would not allow the "blow-up” effect between A; and As.

3.4. Constrained f-weighted minimum o-Riesz energy problem
Let €(A) consist of all & = (0%);—12 € MT(A) such that
(3.14) S% = A; and (gi,0") > a; forall i=1,2;
these o will serve as constraints for v € MT(A). Given o € €(A), write
M7(A) :={veM(A): V' <o’ forall i=1,2},
where ¥ < 0% means that o’ — 1 is a nonnegative scalar measure, and
M7 (A, a,g) =M (A)NM (A, a,g),
EZ¢(A a,g) =M (A,a,g) NES(A).
Since £J (A, a,g) C Eotf(A, a,g), we get

—00 < Gor(Aa,g) <G (A a,g) = inf Ga (V) < o00.
’ veET (A a,g)

If the class £7 ¢ (A, a, g) is nonempty or, equivalently, if
(315) Gg,f(Avav g) < 00,

then the following constrained f-weighted minimum «-Riesz energy problem, also
known as the constrained Gauss variational problem, makes sense.

Problem 3.9. Given o € €(A), does there evist A} € EJ (A, a,g) with
Gar(A3) = GZ¢(A,a,8)?

Remark 3.10. Assume for a moment that (3.12) holds. It has been shown by [16,
Theorem 6.2] that if, in addition, gi|a,, i = 1,2, are bounded from above and con-
ditions (3.13) and (3.15) are satisfied, then, in both Cases I and II, Problem 3.9 is
(uniquely) solvable. But this does not remain true if requirement (3.12) is dropped.

Remark 3.11. If 0 < a < 2 < n, a1 = ag, g = 1, Ay is not a-thin at wgn,
fo =0 and 0% = oo (i.e., no external field and no constraint act on the measures
concentrated in As), then sufficient and/or necessary conditions for the solvability
of Problem 3.9 have been established in [7]. Crucial to the arguments exploited in [7]
is that, in this special case, Problem 3.9 can be reduced to the problem of minimizing
the f1-weighted g%, -Green energy over the class 5;%1 (A1; D1). However, under the
assumptions of the present study, such an observation is no longer valid.
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Remark 3.12. If a1 = a2, g = 1, f = 0 and A;, i = 1,2, are bounded, then
the constrained minimum logarithmic energy problem for a condenser with touching
plates in C has been investigated by Beckermann and Gryson (see [1, Theorem 2.2]).
Our paper is related to the a-Riesz kernels, 0 < a < n, in R™, n > 2, and the results
obtained and the approaches developed are rather different from those in [1].

4. Sufficient conditions for the solvability of Problem 3.9

Denote by B the closure of B C R™ in R™ := R™ U {wg~ }, the one-point compactifi-
cation of R”™.

Theorem 4.1. Let A, f, g and o € €(A) possess the following four properties:
(a’) AyN Ay consists of at most one point, i.e., A;NAy = @V {xg} where xog € R™;
(b) fi(z) < oo mee in A;, i=1,2;

(") E, (0i|Ki) < oo for every compact K; C A;, i =1,2;
(d) (giyo') < o0, i=1,2.
Then, in both Cases I and 11, Problem 3.9 is uniquely solvable for every vector a.

The proof of Theorem 4.1 is given in Section 6; it is based on Theorem 5.1, which
provides a strong completeness result for metric subspaces of £1(A).

Example 4.2. Let A = (A, As) be as in Example 3.2. Having fized o € (0,3),
assume that g = 1 and either Case II holds or fi(xz) < oo m.e. in A;, i = 1,2.
For any a = (a;)i=1.2 define o := ¢;m3|a,, where ¢; € (a;,00) is chosen arbitrarily
and ms denotes the 3-dimensional Lebesque measure on R3. Then, by Theorem 4.1,
Problem 3.9 admits a solution; hence, no short-circuit between A; and Ag occurs,
though these conductors touch each other at the point & (see Ezample 3.2).

5. Strong completeness theorem for metric subspaces of g; (A)
Let M+ (A, <a,g) consist of all v € MT(A) such that (g;,v?) < a; for all i = 1,2.
In view of (3.9),

(5.1) Vi(A;) < aig;’i}lf <oo forall ve M (A ,<a,g).

Hence, £F(A,< a,g) := EF(A) N MT(A,< a,g) can be thought of as a metric
subspace of £f(A); its topology will likewise be called strong.

Theorem 5.1. Suppose that a generalized condenser A satisfies condition (a’) of
Theorem 4.1. Then the metric space EFX(A,< a,g) is strongly complete and the
strong topology on this space is finer than the induced A-vague topology.
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Remark 5.2. In view of the fact that the metric space EF (A, < a,g) is isometric
to its R-image, Theorem 5.1 has singled out a strongly complete topological subspace
of the pre-Hilbert space E,(R™), whose elements are signed Radon measures. This is
of independent interest since, according to a well-known counterexample by Cartan,
the whole pre-Hilbert space E,(R™) is, in general, strongly incomplete.

5.1. Auxiliary results

Based on the definition of the A-vague topology (see Definition 3.3), we call a set
T C M (A) A-vaguely bounded if, for every i = 1,2 and every ¢ € Co(D;),

sup |Vl(90)| < 0.
VEF

Lemma 5.3. If § C MT(A) is A-vaguely bounded, then it is A-vaguely relatively
compact.

Proof. Since by [3, Chapter III, Section 2, Proposition 9] any vaguely bounded
part of MMT(D;) is vaguely relatively compact, the lemma follows from Tychonoff’s
theorem on the product of compact spaces (see, e.g., [11, Chapter 5, Theorem 13]). O

Lemma 5.4. MH (A, <a,g) is A-vaguely bounded and A-vaguely closed; hence, it
is A-vaguely compact.

Proof. Indeed, it is obvious from (5.1) that MM (A, < a,g) is A-vaguely bounded.
Fix an arbitrary {vy}reny C MT (A, <a,g); then, by Lemma 5.3, it has an A-vague
cluster point vq. In fact, vg € 9MT(A), for MT(A) is A-vaguely closed. Choose a
subsequence {vy,  }men of {vk }ren that converges A-vaguely to vg. As g; is positive
and continuous, we get

(gi, V) < liminf (g;,v) ) <a; forall i=1,2,
m—00 m
and the lemma follows. O
Lemma 5.5. Assume that A is a standard condenser; i.e., Ai N Ay = @V {wgn }.
Then the metric space EF(A) (= EF(A)) is strongly complete. In more detail, any

strong Cauchy sequence {vi}ren C ET(A) converges both strongly and A-vaguely
to some vy € EF(A), and this limit is unique.

Proof. Tt is clear from (3.2) that, for a standard A,
EL(A) =EL(A).

Since £ (A) and R(E}(A)), the latter being treated as a metric subspace of the
pre-Hilbert space &£,(R"™), are isometric to each other by (3.5), the lemma follows
from [15] (see Theorem 1 and Corollary 1 therein). O
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5.2. Proof of Theorem 5.1

Fix a strong Cauchy sequence {vg}ren C EF (A, <a,g). According to Lemma 5.4,
it has an A-vague cluster point vy € M (A, < a,g). Let {vg,, tmen be a (strong
Cauchy) subsequence of {v}ren that converges A-vaguely to vy, i.e.

(5.2) v, — 1, vaguely in M(D;), i =1,2.

We proceed by showing that F,(vg) is finite, so that
(5.3) vo € EF(A<ag) (CEF(A)),
and, moreover, vy, — Vg strongly as m — oo, i.e.

gra) =0

(5.4) lim ||vg, —vo
m—roo

To establish these assertions, it is enough to analyze the case
(5.5) Ay N Ay ={xzo} where 2o € R,
since otherwise they are obtained directly from Lemma 5.5.

Consider the inversion I with respect to the (n — 1)-dimensional unit sphere
centered at xp; namely, each point = # xzg is mapped to the point z* on the ray
through x which issues from xg, determined uniquely by

|z — zo| - |2* — 20| = 1.
This is a one-to-one, bicontinuous mapping of R™ \ {zo} onto itself; furthermore,
[z —y|
5.6 ot -y = — 2 I
>0 R P o
Extend it to a one-to-one, bicontinuous map of R™ onto itself by setting I(x) = wgn.

To each signed scalar measure v € M(R™) with v({z¢}) = 0 there corresponds

the Kelvin transform v* € 9M(R™) by means of the formula

dv*(z*) = |z — zo|* "dr(z), z*€R"
(see [14] or [12, Chapter IV, Section 5, n°19]). Then, in view of (5.6),
UY (2*) = |& — xo|"U%(x), z*eR”,
and therefore
(5.7) E,(v*) = E4(v).
It is clear that the Kelvin transformation is additive and it is an involution, i.e.
(5.8) (1 + )" = v} + 13,
(5.9) ) =

Write A :=I(A;)NR™, i = 1,2; then A* = (A}, A}) forms a standard condenser
in R™, which is obvious from (5.5) and the above-mentioned properties of I.

Applying the Kelvin transformation to each of the components of any given
v = (V)ic1o € MT(A), we get v* = ((Vi)*)i:m € MT(A*); and the other way
around. Based on Lemma 3.4 and relations (3.5) and (5.7)—(5.9), we also see that
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the a-Riesz energy of v € M+ (A) is well defined if and only if so is that of v*, and
then they coincide; and, furthermore,

(5.10) V1 = Vallerasy = V1 —vallgra) forall vi,vs € EX(A).
Summarizing what has thus been observed, we conclude that the Kelvin transfor-
mation is a one-to-one, isometric mapping of £ (A) onto £F(A*).

Let vy, m € N, and v be as above. In view of (5.1) and (5.2), for each i = 1,2
one can apply [12, Lemma 4.3] to vf , k € N, and 1), and consequently

m?

(5.11) vy — v, A-vaguely as m — oo.

But {v} }, _y isa strong Cauchy sequence in £f(A*), which is clear from (5.10).
This together with (5.11) implies, by Lemma 5.5, that v§ € £F(A*) and
Jim g, = v5lleras) =0

Repeated application of (5.10) then leads to relations (5.3) and (5.4) as claimed.

In turn, (5.4) yields vy — v strongly as k — oo, for {vy }ren is strongly fun-
damental. It has thus been established that {v}ren converges strongly to any of
its A-vague cluster points. As [|1 — va||g+ 4, is a metric, vo has to be the unique
A-vague cluster point of {vy}ren. Since the A-vague topology is Hausdorff, vq is
actually also the A-vague limit of {vy }ren (cf. [2, Chapter I, Section 9, n° 1]). This
completes the proof. O

6. Proof of Theorem 4.1

We start by observing that £F ¢(A,a,g) is nonempty and, hence, (3.15) holds. In-
deed, it is seen from assumptions (3.14) and (b’) in consequence of [9, Lemma 1.2.2)
that, for every i = 1,2, there is a compact set K; C A; such that (g;,0%|x,) > a; and
fi(z) < M < oo for all # € K;. Define 6" := o'|, /(g:, 0" |k, ). Due to assumption (c’)
and Lemma 3.4, we then obtain 6 := (0%);—1 2 € E7¢(A,a,g) as claimed.
Therefore, the class M ¢(A, a,g) of all {vy}ren C EJ¢(A, a,g) with

(6.1) lim Guf(vi) =Gg (A a,g)
k—oco ’

is nonempty. Fix arbitrary {vy}ren and {1, fmen in M7 ¢(A, a, g). Taking (3.10)
into account, we proceed by proving that

(6.2) Gdim vk = g a) =0

s

Based on the convexity of £7 ¢(A, a, g), from (3.4) and (3.6) we get
Vi + My
2

On the other hand, applying the parallelogram identity in the pre-Hilbert space
Ex(R™) to Rvy, and R, and then adding and subtracting 4(f, vy + p,,), we have

4G (A a,8) < 4G ) = I1Rvi + Ry, |2 + A6 vic + ).

||Ryk - Rlu’m”i = _”Ryk + RH’MHZ - 4<f7 v+ u’m> + 2Ga,f(1/k) + QG(X,f(lu’m)'
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When combined with the preceding relation, this gives
0 < [|Rvk — Ry, |I7 < —4GG ¢(A, a,8) + 2Ga,s (Vi) + 2Ga g (f,)-

On account of (3.5), (6.1) and the fact that G ¢(A,a,g) is finite, we derive (6.2)
from the very relation by letting k, m — co.

Assuming now {vj}reny and {,, }men in (6.2) to be equal, we see that any
fixed sequence {vy }ren € ngf(A, a, g) is strongly fundamental in the metric space
ET(A,<a,g). Thus, by Theorem 5.1, there exists the unique vy € (A, < a,g)
such that

(6.3) v — vo A-vaguely (as k — 00),

(64) kli)l’rolo ||I/]C — UV SVCJ{(A) = 0.

We assert that this v gives a solution to Problem 3.9, i.e.

(6.5) vo € E7¢(Asa,g) and Gag(vo) =G ¢(A a,g).

Observe that
Ga (Vo) < likminf Gar(Vi).
—00

Indeed, if Case I holds, then this inequality can be obtained directly from (6.3)
and (6.4), while otherwise it follows from (6.4) with the help of (3.7). Combining it
with (6.1) and (3.15), we get Ga£(vo) < G (A, a,g) < 0.

As M7 (A) is A-vaguely closed, we therefore conclude that relation (6.5) will
have been established once for each i = 1,2 we show
(6.6) (9, 10) = ai.
Consider an exhaustion of A; by an increasing sequence of compact sets Ky, C A;,
¢ € N. In view of the positivity and continuity of g; on A;, from (6.3) and [9,
Lemma 1.2.2] we get

a; = (gi,v4) = lim (gixk,, 1)) = lim limsup (gixk, Vi)
£—00 =00 koo
= a; — Jim liminf (gixa\k,, V1)
Hence, to prove (6.6), it is enough to verify the relation
(6.7) Elirgo likrggf (giXanr,,vp) = 0.
Since, by (d'),
oo > <gi70ﬂ> = ﬁli{go <giXKgaOJ>a
we have
Zlgglo (gixanrk,,0') =0.
When combined with
<giXAi\Kg7 VZ;> < <giXAi\K[? 0i> for all Z7 ke Na
this implies (6.7), hence (6.6), and consequently (6.5).
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It is left to establish the statement on the uniqueness. Let, on the contrary, Ug
be an other solution of Problem 3.9. Then trivial sequences {v¢} and {¥y} are both
elements of M7 ¢(A, a,g) and therefore, by (6.2), [[vo — Dol|s+ () = 0. As EF(A) is
a metric space, this results in vg = Ug, and the proof is complete. O
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WARIACYJNY PROBLEM GAUSSA Z WARUNKAMI
POBOCZNYMI DLA KONDENSATOROW ZE STYKAJACYMI
SIE OKLADKAMI

Streszczenie

Badany problem minimum energii z warunkami pobocznymi przy zewnetrznym polu
zwigzanym z jadrem o-Riesza |z — y|*™" dowolnego rzedu o € (0,n) dla uogdlnionego
kondensatora A = (A1, A2) ze stykajacymi sie¢ przeciwnie naladowanymi okladkami w R",
n > 2. Uzyskujemy warunki wystarczajace dla rozwiazalnosci tak postawionego problemu.
Nasze rozumowanie opiera si¢ gléwnie na definicji stosowanej struktury metrycznej na
zbiorze miar wektorowych stowarzyszonych z kondensatorem A i na uzyskaniu twierdzenia
o zupehoéci dla odpowiedniej przestrzeni metrycznej.

Stowa kluczowe: zagadnienia minimalizacji energii typu Riesza, pole zewnetrzne, warunek
poboczny, kondensator ze stykajacymi sie okladkami, twierdzenie o silnej zupeosci dla
miar wektorowych
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EXACTLY MAXIMALLY CONVERGENT SEQUENCES
OF MULTIPOINT PADE APPROXIMANTS

Summary

Given a regular compact set F in C, a unit measure p supported by FE, a triangular
point set 8 := {{Bn,k }iz1}ne1, 8 C E and a function f, holomorphic on E, let ngfn be the
associated multipoint S-Padé approximant of order (n,m). Under the condition that the
points S are uniformly distributed relatively to the measure p, we provide results about the
existence of exactly maximally convergent sequences Wg:fn as n — 0o, m— fixed relatively
to ¢ and the domain of the m— meromorphy of the function f.

Keywords and phrases: multipoint Padé approximants, maximal convergence, domain of
m-meromorphy

1. Introduction

We first introduce some needed notations.

Let II,,, n € N be the class of the polynomials of degree < n and R, ., := {r =
p/a,p €1y, q € 1y, g # 0}

Given a compact set E, we say that E is regular, if the unbounded component
of the complement E¢ := C \ E is solvable with respect to Dirichlet problem. We
will assume throughout the paper that E possesses a connected complement E€. In
what follows, we will be working with the max-norm ||...||g on Ej; that is ||...||g :=
max,cg |...|(2).

Let B(E) be the class of the unit measures supported on F; that is supp(...) C E.
We say that the infinite sequence of Borel measures {p,} € B(E) converges in the
weak topology to a measure p and write p, — p, if
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/g(t)dun — /g(t)du

for every function g continuous on E. We associate with a measure p € B(E) the
logarithmic potential U*(z); that is,

U (2) = / log

du.
B
Recall that U# ( [1]) is a function superharmonic in C, subharmonic in C \ supp(y),
harmonic in C \ supp(p) and

1

Ut(z) = lnﬁ +o(1),z — oc.
z
We now associate with a polynomial p € II,, the normalized counting measure

iy of p, that is
number of zeros of pon F

I’LP(F) = degp

)

where F' is a point set in C.

Given a domain B C C, a function g and a number m € N, we say that g is
m-meromorphic in B (g € M,,(B)) if g has no more than m poles in B (poles are
counted with their multiplicities). We say that a function f is holomorphic on the
compactum E and write f € A(FE), if it is holomorphic in some open neighborhood
of E.

Let 8 be an infinite triangular table of points, 8 := {{Bn.k}7—1 }n=1,2..... Bn.k € E,
with no limit points outside E (we write 8 € E). Set

n
wn(2) = H(z — Bnk)-
k=1

Let f € A(F) and (n,m) be a fixed pair of nonnegative integers. The rational
function 7/ := p/q, where the polynomials p € II, and g € I, are such that

J4=P ¢ pmy
Wn4m+1
is called a S-multipoint Padé approzimant of f of order (n,m). As is well known,
the function nﬁ;{n always exists and is unique ( [2], [3]). In the particular case when
B = 0, the multipoint Padé approximant wﬁ:{n coincides with the classical Padé
approximant 7, of order (n,m) ( [4]).
Set

B,f
) i, = Dot
n,m * Q@f ’

n,m

where the polynomials P}/, and Q2/ do not have common divisors. The zeros of

Qﬁ;{n are called free zeros of Wﬁ:{n; deg Qrn.m < m.
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We say that the points 3, , are uniformly distributed relatively to the measure p,
if
e, — [, T — 0O.

We recall the notion of m-Hausdorff measure (cf. [5]). For Q C C, we set

my(Q) = inf{Zw}

where the infimum is taken over all coverings {>_V,} of by disks and |V, | is the
radius of the disk V,,.

Let D be a domain in C and ¢ a function defined in D with values in C. A
sequence of functions {¢, }, meromorphic in D, is said to converge to a function ¢
my-almost uniformly inside D if for any compact subset K C D and every € > 0
there exists a set K. C K such that m; (K \K.) < ¢ and the sequence {¢,, } converges
uniformly to ¢ on K.

For € B(E), define
7U“(Z)

= inf e

Pmin * b

and

[T~
omax = maxe U (z);
zeFE

(U* is superharmonic on E; hence it attains its minimum (on E)). As is known

(16], 1), M
e V") > Pmin> 2 € E°.

Set, for r > pins
E,(r):={z€C,e” V" <r}.

Because of the upper semicontinuity of the function e=V"(*) the set E,(r) is open;
clearly E,,(r1) C E,(re) if r1 <rp and E,(r) D E if r > pmax.

Let f € A(E) and m € N be fixed. Let R,, ,(f) = Ry, and Dy, ,(f) = Dy, :=
E,(Rm,,,) denote, respectively, the radius and domain of m-meromorphy with respect
to p; that is

Ry, i=sup{r, f € Mp,(E.(r))}.

Furthermore, we introduce the notion of a p-mazimal convergence to f with
respect to the m-meromorphy of a sequence of rational functions {r, .} (a p-maximal
convergence): that is, for any € > 0 and each compact set K C D,,, there exists a
set K. C K such that my (K \ K;) < ¢ and

_UH
i/ _ lle™ |l

lim su — Thoy <
n+y—>oI<)>||f " ||K5 - Rm,,u(f)

Hernandez and Calle Ysern proved the following:

Theorem A [7]. Let E, i, and wy,n = 1,2, ..., be defined as above. Suppose that
He, — 1 asn — oo and f € A(E). Then, for each fixed m € N, the sequence Wﬁ:,{z
converges to f p-maximally with respect to the m-meromorphy.
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Theorem A generalizes E. B. Saff’s theorem of Montessus de Ballore’s type about
multipoint Padé approximants (see [2]).

From Theorem A, it follows that for every compact set K C D, ,, which does not
contain poles of f and concentration points of free poles, as n — oo, the estimation

imonp 11 — | < Il
n—+v—oo mrliKe = Rm,,ll«(f)

holds.
We now utilize the normalization of the polynomials Qn m(z) with respect to a
given open set Dy, ,; that is,

(2) Quam(2) = [z =t ) [T = 2/l ),

where a;h s O . are the zeros lying inside, resp. outside Dy, ;. Under this normal-
ization, for every compact set K and n large enough there holds

where C; = C(K) is a positive constant, depending on K. In the sequel, we denote
by C; positive constant, independent on n and different at different occurrences.

Let @ be the monic polynomial, the zeros of which coincide with the poles of f in
D, ,; deg @ < m. It was proved in [7] (Proof of Lemma 2.3) that for every compact
subset K of Dy, ,

U+
(3) limsup |7QQ2L, — QP |1 < el
n—00 ’ Rm,p,

Hence, —U"(z) —In R, , is a harmonic majorant of the family
{1(FfQQu % — QP L, in Diye

In the present paper, we pose the question about sufficient conditions of the
function above to be an exact harmonic majorant, with other words,

~ b.f 8.1 L — lle”"" |1k
lim sup ||fQQn7m P || -
n—0o0 ’ Rm7u
on every compactum in D,, ,. Clearly, if —U* —In R,, ,, is an exact harmonic ma-
jorant, then there is a infinite sequence A such that

(4) lim  [QFQEL, — PELQIL™ = eV i/ Ry
n—oo,neA

(see [9], [10]) for a discussion of exact harmonic majorant)). We will refer to the
sequences A as to an exactly mazimally convergent sequence relatively the measure
1 with respect to the m-meromorphy of f.

In [8], the validity of the following result was established:

Theorem B. Under the same conditions on E, assume that ;n € B(E) and that
B C E is a triangular set of points uniformly distributed relatively to the measure
w. Let m € N be fivred, f € A(E) and omazr < Rm, < 00. Suppose that Dy, ,
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is connected. Then the function —U" —In R,, , is an evact harmonic majorant in
Dy — Egppaz of the family {|fQQ51 — QPSS [V}

Before announcing the next result in the named area, we introduce the notion
on a triangle point set of Newtonian type.

Given a triangle point set w with no concentration points outside F, we say that
it is of Newtonian type, if wy,/wy41 for every n € N.

The next result was established in [7].

Theorem C. Preserving the conditions on E and w from Theorem B, assume that
w is of Newtonian type and m € N is fized. Then on each compactum K C Dy, ,
which does not contain poles of f and concentration points of free poles of 7T£7m as
n — oo and such that p,(K) is not attained at a point belonging to E there holds

li 6.7 _ n _ lle”" Mk
lmsup”fQQn,m Q an - R :
n—00 m, i

2. Main results and Proofs

Before presenting the new result, we introduce the term of a multivalued singu-
larity.

Given a function g and an point zy € C we say that zg is a multivalued singularity
of g if g can not be continued as a holomorhic function (analytic and single valued)
in any neighborhood of zp.

The main result of the present paper is

Theorem 1. Under the above conditions on E, assume that p € B(E) and that
B C E is a triangular set of points uniformly distributed relatively the measure p.
Let m € N be fized, f € A(E) and omaz < Rm, < 0o. Assume that D, , is a
domain and f has at least one multivalued singularity on 0D,, .. Then the function

—U* —InR,, , s an exact harmonic majorant in Dy, , of the family {|fQQ£;f; —
pﬁ f |1/n}

As a consequence of Theorem 1, we derive

Theorem 2. Under the conditions of Theorem 1, there is a sequence A C N such
that on each compact set K C Dy, , \ E
poles of {ﬂ'gm} there holds

omaz @nd non containing poles of [ and free

UH

1/n ||67 K

limsup || f — 7

neA n, m|| Rm7M

In what follows, we lay out the main ideas of the proof of Theorem 1. As noticed
above, Theorem 2 follows directly from Theorem 1.
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From (3), it follows that

lim limsup ||fQngfn - QPJ?,’MI/H <1

T=>Rm,u n—oo Bu(r) =

Let us suppose that we have a strong inequality, i.e.,

lim limsup ||fQQ§fn _ QPT'?,’%;’;HU” <1

T—=m,p n—oco E“(T)

Using now Theorem 1 in [12], and repeating the proof on Theorem 4 in [13], we

conclude that the function f should be singlevalued in an appropriate neighborhood

of the set 0D,, . This contradicts the assertion that f has at least one multivalued

singularity on 0D,, , - contradiction to the conditions of Theorem 2. Therefore,

()

lim limsup | fQQES, — QPRI =1.

T—=m,up n—oo E“(T)

We now prove, that for every r < R, ,

limsup | fQQES, — QP =1.

n— oo Eu(r)

Indeed, suppose that for some r,7 € (pmaz, Rm,p

. 1 —
limsup || FQQS, — QPZAIE ) < e 5
n— 00 m, 1

The functions

Xn(2) = 0 |QQu41 Pl — QQu PV .| — UM (2)

n+m+1

are subharmonic in E,(r)¢, and thus obey the maximum principle. Then it is easy
to see that limsup,, xn(z) < 1 for z € D, ,,. This opposes (5).
On this, the proof of Theorem 1 is completed.
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DOKLADNIE MAKSYMALNIE ZBIEZNE CIAGI
WIELOPUNKTOWYCH APPROKSYMANT PADE

Streszczenie

Przy danym regularnym zwartym zbiorze E na plaszczyznie C, mierze jednostkowej g
o noéniku F, trjkatnym zbiorze punktéw S := {{Bn,k} k=1 }ne1, 8 C E i funkcji f holomor-
ficznej na zbiorze F, niech ﬂﬁ;fn bedzie stowarzyszona [-aproksymanta Padé rzedu (n,m).
Przy warunku, ze punkty 8 sa jednostajnie rozmieszczone relatywnie do miary u, uzysku-
jemy wyniki o istnieniu dokladnie maksymalnie zbieznych ciagéw Wﬁ:fn przy n — oo, zas
m-liczba naturalng ustalona relatywnie do p i obszaru m-meromorficznosci funkeji f.

Stowa  kluczowe: wielopunktowe aproksymanty Padé, zbiezno$¢ maksymalna, obszar
m-meromorficznosci
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MOISIL-THEODORESCU QUATERNIONIC F(p,q, s)
FUNCTION SPACES

Summary

In this paper we define differentiability in the sense of Moisil-Théodorescu associated to
a particular embeding of R® in the quaternionic space H. Using the Moisil-Théodorescu
derivative we introduce and study the analogous to the function spaces F(p,q,s) and
Fy(p, q, s) introduced in the paper [30] R. Zhao. We obtain similar results that in the mono-
genic case, see [9,11] and [21].

Keywords and phrases: Moisil-Théodorescu, Q;, i-Bloch and F;(p, g, s) spaces.

1. Introduction

In [30], R.Zhao defined and studied the F'(p,q,s) spaces that consist of analytic
functions f : D — C such that

sup [[ 171~ )90 dody < o

a€D D
where 0 < p < 00, —2 < ¢ < 00, 0 < s < o0 and g is the Green’s function of the

unit disk D, given by
1—-az

g(z,a) =1n

a—2z
These spaces are the generalization of the Qs = F(2,0, s) spaces introduced by R.
Aulaskari and Lappan in [1] for 1 < s < oo and for 0 < s < 1 by R. Aulaskari,
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J. Xiao and R. Zhao in [2]. The family F(p,q, s) is quite general, includes, among
others, BMOA, Dirichlet and a-Bloch spaces. In this articles was proved that the
weight function g(z,a) can be replace by the weight

2

a—z
1—

1—az

Analogous F(p, q, s) Bergman spaces were studied in [17] and [5].

There are several approaches to study these spaces in higher dimensions, see
[6-12,15] and [21] in the quaternionic case, [16] in hyperkéhlerian case and [22,24,25)
in the holomorphic case.

Let H be the skew field of real quaternions, that is, each element a € H can be
written in the form

a:=ag+ a1t + asj + ask, aeR, 1=0,1,2 3
where 1,1, j, k are the basis elements of H, with the multiplication rules
P==k=-1ij=—ji=k, jk=—kj=1i, ki=—ik=j.

The product is extended by linearity. The quaternionic conjugation defined by a =
ap — a1t — agj — agk permits to define the norm |a| of a € H by

la]* = a@ = @a = a? + a? + a3 + d3 .

Therefore, if a € H\ {0}, the quaternion

1
a = WCI/
is the multiplicative inverse of a. Also, the norm satisfies |ab] = |al||b| for each
a, beH.
The standard Moisil-Théodorescu operator (MT-operator) and its conjugate are
given by
0 0 0
Dypi=i—+4+j— +k—,
MT Zaxl +’73x2 + Oxs
— 0 0
DMT = —1 k

5o 0w oy
Let f: Q C R3 — H be a function of (C!, Q). We say that f is Moisil-Théodorescu
hyperholomorphic (M T hyperholomorphic) if Dpsrf = 0 and M T denote the kernel
of DMT-

This operator does not have a good derivative for MT hyperholomorphic funtions
as we will show below.

One way is extending the domain of the function and to use the Fueter operator,
that has a good derivative, see [28] and [20]. Other one is using differential forms to

define a good derivative. o
Let Q = RxQ C Hand f : ¢ R® — H. Define f : @ — H by
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f(zo, 21,2, 23) := f(21,22,23) for all xg € R. If f € MTq, then

DF[f] = ﬁ(ﬂﬁowl,ﬂ?mﬂ@s) +DMT[ﬂ($o,$1,$2,$3) =0

axo
and

Drlf] To, 1,22, 23) + Dyrlf](zo, 21, 22, 23) = 0.

_of
— 67:0(
where D is the Fueter operator and Dp its conjugate. Then f(z) = h(z) + I(2)j
where h and [ are two holomorphic complex functions of the complex variable z =
x1 + x2t.

By other way, following [20], if f € MTq and there exist a 1-differential form o}
and a 2-differential form o2 such that

d(o}(x)) = 303 Darr[fl(@) + 572 Darelf](x)

For this reason all MT hyperholomorphic functions have derivative zero.
Now, we define an analogous of the Moisil-Théodorescu operator

MT - 5‘:51 81’2 ]01'3

Observe that D%, := iDyr, then f € MTg if and only if f belongs to the kernel
of DY
The conjugate of DY, is given by

5o 0 0
MT - 8:61 82132 ]81‘3.

In general if f € MTq then Dy, # 0 as f(x1, 22, 23) = &1 — kg shows.

To justify that Eﬁw is a good derivative we will use differential forms. In this
way we need to embed R? in H. Motivated by the definition of the D%, operator we
choose the following isometric embedding: R? 3 z = (21,22, 23) — 1 —kxo+ jog =
x € H that will denote by the i-embedding of R? in H. We define R} := {z € H :
x =x1 — kxg + jxs} with basis {1, —k, j}.

Thus if we use differential forms to write the normal vector on a 2-surface in R}
we get

a? = dxy Ndzg + kdr1 A dxs + jdxy N dxs.
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Let f:R? — H be a C! function and w = o2 f. The total differential of w is:
dw = d(o?f) = o? Ndf

0 0 0
= (dlL’Q A\ dil?g + kd:cl A\ dfﬂg +jd$1 A\ dlL'Q) AN idéﬂl -+ 7fd$2 + idl‘g
8151 8%‘2 axg

= Dirlfldzy A doa A das.
Then f € MTq if and only if d(c?f) = 0. By other way, similarly to o2, we define
T; = —kdxrs — jdxo
and w; = 7 f. Thus
dwy = d(1if) =1 Ndf

=k 8f dry Ndzrs + ﬁdl‘g ANdzs | +J aidah Adzy — ﬂdﬂ?z ANdxs | .
8%1 61'2 81'1 8£E3
By other way:

o?Dyrlf] ~ 7 Disr[f]
8331 aSL‘Q 8:53

. of of | . of
— (dxo Adxs — kdxy A dxg — jdzy A ds) (83@1 — kaxg +33x3>

0 0 0 0
=2k id.fl Adxrs + idzfg ANdxs | + 7 id$1 AN dxry — id.’]ﬁg A dzs .
6$1 31172 (91‘1 8:53
If we used the previous results we obtain
LT o — —2 1yi
5 |78 D811 = 2 Dhur (1] = dlmif).
Therefore if f € MTq and following [20], we define the i-hyper derivative of f as

= Dyrlf).

Proposition 1.1. Let f : R} — H be a MT-hyperholomorphic function. Then

fli =92 af

8£E1 '

Proof. By definition
iDl(f] =i 8f+k8f Lof | . Of ,0f_k8f

"ow T oms ows] T 0w o,

oz’
thus
Of Lof . of . Of of Lof . of of
—2i=" 4Dt = 2 i — o e = e — S
Z&'cl t MT[f] Z@xl +Za$1 ]01'2 kaxg Zaxl J&‘xQ 81'3

= Dur[f] = -Durlf] =0,
since f € MTq. This concludes the proof.
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The operator DY, and its conjugate factorize the Laplace operator in R, that
is.
Diyr o % = Ags.
As a consequence each f € MTg is a harmonic function. Let a € R} with |a| < 1,
we define the Mobius transform

i .3 a
QOGR,L{W}%H

ei(@) = (a—2)(1 —az) ",

by

For R > 0, we define
Bi(R) :={x €R}:|z| <R}, B,;:=DB;(l), S;:=0B;

Proposition 1.2. Let a € B;, then ¢’ maps conformally the unit ball B; onto
itself.

Proof. Tts well known that ¢! is a conformal mapping, but we will give other proof,
see ( [4], Theorem 3.2.7). For z € R}, a € B; a # 0 let

7

|a]? a
21($>_(1|a|2 x, Zg(x)—x+7|a|271,

Ts(z) =27, 2 #0, Ty(x)

- a
R

then

(TyoTs0T 0Ty 0Ty)(z) = (a—2)(1 —az) ™' = ¢l (2).
It is easy to see that each T; preserves cross ratios. For example, by definition of
cross ratios, for Ty and z,y, 2, w € R} we have:

Ts(z) = T5(2)[|T5(y) — Ts(w)|
Ts(z) = Ts(y)||T3(2) — Ts(w)]

(T3(x), T3(y), T3(2), T3(w)]

Tz ‘l _ @
. |z]? [2[2] | v|? [w]?
x Y . _w
x|? IERIES [w]?
As
T z |2]?T — |z|?z T|2|? — |z|*z _
BE R T | RRE FRE |~ PR T
1 I -1
= PR TG A = g
then

[TB(x)vT?)(y):T3(Z)aT3(w)] = [a:,y, va]'
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We now proof that ¢ (z) € R?. Let a,z € R} with a = a3 — kas + jaz and z =
x1 — kxo + jxz with x # % then

al??
ol (z) =(a —z)(1 —ax) = (a1 — :vl)(l — (@11 + agzo + agxg))
— < (0,a3 — 3,72 — az), (a3w2 — asT3, 0123 — A3T1, G221 — A1T2) >
+ (a1 - xl)(i(a3x2 — a2x3) +j(a1x3 — a31'1) + k(a2x1 - alxg))
+ (1 — (alzl + asxo + agl‘g))((ﬂfg — a2)k + (a3 — zg)j)
+ ((372 —ag)k + (as — l’g)]) X (i(ag.%‘g — asr3) +j(a1x3 — azxy)
-+ k(a2x1 — alxg))
and its i-component is
(a1 — x1)(azze — x302) + (a3 — x3)(T102 — A172) — (@123 — x1a3) (T2 — a2)
= 0103T2 — 12302 + T12302 + A3T102 — A3A1T2 — T3T102 + T3A1X2
— a1x3T2 + a1x3a9 + x1a3T2 — x10302 = 0.
Since Ta + ax = aT + za, then
la|?* — (aT 4+ 2a@) +1 =1 — (Ta + az) + |a|?
or equivalently
(a—z)(@—7) = (1 —azx)(l — Za).
That is
(@) =1, if |z[=1
Since ¢! (0) = a € B; then ¢’ (x) € B; for all z € B; and we finished the proof. [
The set of MT-hyperholomorphic functions defined on the unit ball B; is denoted
by M = MTB,i-
Our previous definitions are used to generalize the Qg type spaces (see [10,21]).

More precisely, we have the following definitions. Let 0 < p < o0, =2 < g < 00,
0<s<ooand feM Define J, . f:B; = [0,00) by

i -t P 2\ 7 i 2\s
Tasf@= [ [P @) (1-12) (0 |ehe) ) e
The sets F,(p, q,s) and F, 4(p,q,s) are defined as
Fy(pg,s)={ fem : Sug‘];,q,sf(a’) < oo},
ac

and

F;’O(p,q7s) ={fem: ahgi— Jz,’q’sf(a) = 0}.

lal
The corresponding Besov spaces B“P and B»%P are

i P i P
an(p7?_373) and F@(pai_qaq)
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respectively. In this definitions we are using the weight function 1 — ‘wé(m)f and
we will proof in Theorem 4.2 that the weight function can by replace by a modified
Green’s function in quaternionic sense.

The set F; (p,q,s) is a H-right module (also is left). This can be easily seen by
the inequality (z 4 y)? < 2P(zP + yP). From the definition of the sets they are right
H modules.

For 0 < p < 00, —1 < ¢ < 00, define the Dzinq weighted Dirichlet space, as the set
of f € M satisfying

[ Durt@lr = joP)rde < oc
B;
From the definition of F; (p, g, s) space the following result became immediate with
a=0.

Lemma 1.1. Let 0 < p < 00, =1 < ¢ < 00 and 0 < 5 < oo. Then F(p,q,s) C

1A
Dp,q+s'

The i-Bloch spaces will be motivated and defined more later.

2. Preliminaries

Given a € B;, the Mébius transform ¢! : B; — B; satisfies

1= @) 1-ja?

(2.1) = - = |Jgi(z)|s  forall z € B,
1— |z |1 — ax|

where Jo! denotes the Jacobian of the function ¢%. For 0 < R < 1 the pseudohy-
perbolic ball D; (a, R) is defined by
Di(a,R) = {x € B; : |¢}, (x)| < R} .
This is an euclidean ball, with center and radius given respectively by
1 R? 1—|a?
(2.2) c= ————a, r= 7|a\ 5
1— R?|d 1— R?|a

The next result is a consequence of Cauchy-Schwartz inequality.

Theorem 2.1. Let Q C R™ be a domain, [ : Q2 — R™ be an integrable function on

Q. Then
[a= [

Corollary 2.1. Let Q C R™ be a domain and f : Q@ — R™ with f = (f1,..., fn)
and 1 < p < oco. If each coordinate function f; : Q — R is subharmonic, then |f|P is
subharmonic on Q.
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The following result was proved in [12].

Lemma 2.1. Let 0 < p<2,0<r<1,la| <1 and S C R be the unit sphere. Then
there exists C > 0 such that

do (¢) c C
(2:3) Lu_mﬂbga—mmpgu—MW'

We reformulate the following result proved in [21].

Proposition 2.1. Let 0 < R < 1 and h : B; — R be a continuous function. If
—2<qg<o0,0<s<oo with —1<q+ s then

swp [ h@)(1- @) de<oo, Tim [ h@)( - k(@) de =0
a€B; JB;(R) la|=1~ /B, (R)

and

sup/ (1= 21— [ga(@)*)" dz < 0o, Tim [ (1—|2*)*(1=|p(2)]*)* do = 0.
a€B; B; ‘a‘ﬁl B;

Like in [29], we have (see [23]) :

Lemma 2.2. Let 1 < p < oo, a € B; and f : B; = H be a MT-hyperholomorphic
function. Let d’j‘,a : B; — H given by

(2.4) wf,a(f) = WDMTf(¢a(x)) .

Then 1/13}7(1 is a MT-hyperholomorphic function and |1/13}7a|p is a subharmonic func-
tion.

The following result was proved in [26].

Lemma 2.3. Let g(r) and p(r) be two integrable and nonnegative functions on [0, 1).
If exists 7" with 0 < 7" < 1 and a positive constant C' such that q(r) < Cp(r) for
r € [7',1). Then for all 7 with 7" < 7 < 1 and all nondecreasing and nonnegative
function h(r) on [0,1), there exists a constant K = K (1) > C independent of 7/ and
h, such that

/0 h(r)q(r) drgK/O h(r)p(r) dr.

The hyperholomorphic constants of the i-Moisil-Théodorescu operator are char-
acterized by the following result.

Lemma 2.4. Let f : B; — H such that~ﬁéqu(x) =0 = Di,rf(z) for all z € B;.
Then f(x) = h(z) + 1(2)j where h and | are two holomorphic complex functions of
the complex variable z = x4 + ix3.
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Proof. If _
Diyrf(x) =0=Diyrf(x)
for all x € B;, then

i i 0
0= Diyrf(@) + Dy fla) = Qaif,
€Tl
for this reason f does not depend of z1. Those
_ p _ L or . of
0= Dy f(z)= kaxg +‘73x3
or equivalently
O o
(91‘2 =J 8%3 ’
If f=fi+ifo+jfs+ kfs then we get the following equations
Ofs _ 0fs  Of _0fs
8.’52 8%3 ’ 8952 81'3
of __0f _ 0h _0n
8332 8.’173 ' 8372 6373 '
Define h(z) = fu(z) +ifs(z) and I(2) = fo(2) + ifi(2), where z = x5 + izs. These
functions are holomorphic by the previous relations. O

We say that f, g € 9 are equivalents (~) if f(z) — g(z) = h(z) + jl(z) where h
and [ are two holomorphic complex functions of the complex variable z = x5 + iz3.
If we consider It with this equivalence relation then for 1 < p < oo, by Minkowski’s
inequality

| f 1l = sup (Ip7q78f(a))

a€B;

= s ([ [Dhar @ (1=10P) 0 =@y )

a€B;

Sl

D=

defines a norm in Fj,(p, q,s).

3. Properties of MT-spaces

In this section we present several basic properties and some examples of different
quaternionic spaces.

Proposition 3.1. Let 1 <p < oo and -2 < qg<oo. [f0<s<ooandqg+s < —1
then F;(p, q,s) consists only of constant functions.

Proof. Let f € F;(p,q,s) be a non constant function. Then there exist xq € B;
and 0 < R < 1 such that [Dypf(z)| > 0 for all z € Bi(wo, R) C B;. Thus by
subharmonicity of [Dyf[P we have
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o > [ Dhnf@l (- 1e?0 - o) do

V

> / Dy f ()P (1 — 72)*) do
Ai(lzol)

1 .
> /zo(l - 7’2)(‘1+S)7’2 Al |b3\4Tf(TC)|p dCT(C) dr
1

> /Si |5§\4Tf(|$o|o\p da(g)/ (1— r2)(q+5)7ﬂ2 I — o

wo‘

as ¢ + s < —1, we get a contradiction; therefore f is constant. O

From now on, we will suppose —1 < g+ s < 0.

Example 3.1. Let —2 < g < 00, 0 < s < o0 with —1 < ¢+ s < . The spaces
F;(p,q,s) and Fcf,’o(p7 q,8) are not empty. More precisely, let f : B; — H, f € M.

If there exists M > 0 such that \ﬁ;wa(xﬂ < M for all x € B;, then
| D f@P (=P = @) de <1 [ (1= 1aPy0 = @) da

and apply Proposition 2.1. Thus f belongs to the quoted spaces. The previous condi-
tion is satisfied, for evample, if f € MN CY(B;).

Theorem 3.1. Let 0 < p < 00, =2 < g < 00 and 0 < s < oo. Then the function

a— J) . f(a) is continuous.

Proof. Let a € B* be fixed and € > 0. Let
_1—a]
2

and define the function

1— 2\s -
h(x,b) = & for all (z,b) € B; x B;(a,r) .
[1 — bx|?s

Since h(x,b) is uniformly continuous, there exists d > 0 such that if |b—¥'| < ¢ then

_ , €
J’L i b _ Jl ) b/ P
s f (0) = Jpqs V)] < 54,51 (0)

Thus if [b — a| < 0 then
[ Tpq.sf(0) = T} g s ()] < /B Dy f(@)P(1 = [2*)27* (@, b) — h(z,a)| du < e.
(|

Theorem 3.2. Let0 <p<oo, —2<g<ooand0<s<oo. Then F;O(p,q,s) C
Fi(p,q,s).
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Proof. Let f € F;70(p,q, s). Thus, by Theorem 3.1 we can extend continuously the
definition of J! . f to B; by setting J! . f(a) = 0 when |a| = 1. Then

P.qs P,a;s
sup J; , . f(a) = max J, , f(a) < oo .
a€EB acB*

Moreover, there is b € B;, such that max, 5 T s fla) =T}, (D). O

4. Characterizations of I (p,q, s) spaces
Let a € B; fix, and for x # a define
1
g(z,a) = ——— —

|0t ()]
Thus g(z,a) is a translation of a multiple scalar of the fundamental solution of
the Laplacian in R? applied to the Mobius transform ¢¢, i.e. g(z,a) is the modi-
fied Green’s function in quaternion sense. We prove in this section that the spaces
F; (p,q, s) can be characterized using the g(x,a) as a weight function. Likewise we
give a characterization of these spaces using Carleson measures on boxes.

The next results are more general than the analogous results in (see [11]) Lemma

5.1, Theorem 5.1, Proposition 5.1 and Theorem 2.2 from [9], like in [21].
The following result is other characterization of the Dirichlet type spaces.

Theorem 4.1. Let 1 < p< o0, 2<g<ooand0 < s<3. Let f:B; >Ha

MT-hyperholomorphic function. Then f belongs to the Dirichlet space ’D;',’qﬂ, if and
only if

| Burf@P - of)ig*w.0)do < oo

7

Proof. We will prove that
/B Dyrf (@)1~ )7 do ~ /B Dyrrf (@)P(1 = a])g* (2,0) da .

Applying spherical coordinates we get
1 )
|| Dhurstop =y docyar

1 )
~ [ [ Dt o= - dnar

Since 1 < 1+4+r < 2 and |E§\4T f|P is subharmonic the result follows if we apply
Proposition 2.3 with 7 = 1 and

h) = [ Dt GO ao(c)
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The previous result motivates the following characterization of the spaces
F(p,q,5).

Theorem 4.2. Let 1 <p < 0o, —2< ¢ < o0 and 0 < s < 3. Then f € F\(p,q,s) if
and only if

— p 2\ ¢ s
sup ‘DMTf(:E)‘ (1—|x\ ) g° (z,a) dz < oo
a€B; JB;

and f € F;’O(p,q,s) if and only if

— p q
lim ‘DMTf(a:)‘ (1—|x\2) g9’ (x,a) de =0 .
la|=1~ Jp,
Proof. Since 1 — |¢¢ (x)| < g(x,a) we prove only

Fi(p.q,5) C Fy(p,q,s)  and  F.(p,q,s) C Fyo(p,q,s) -
By the change of variable = ¢! (w) and (2.4), we have

Ipgsfla) = Li ’EZJIwa (x)’p (1 - \1:|2>ng (z,a) dz
i i (L —Jw])® (1—la*)®
- /Bi Wrato) (= leat)) lw* |1 —aw|6=% dw
while
J Prers @[ (1-1a)" (0= fetto) e
B;
i i s (1—1al?)?
- /B [0 0 (W)P (L = oo (w)[)*(1 = |w]?) |1(L;||6) dw.
Since % < |w| < 1 implies 1 < ﬁ < 25 then
i oy (L—Jw])® (1—a?)?
/Bi\Bi WP = aP et s BT
i 1— 2\3
~ / |’l/)3z,a(’w)‘p(1 — |<pa(w)|2)Q(1 — |w|)® ( lal®) dw
Bm\Bi(%)

|1 —aw|6-2p
. 1.
Since 0 < |w| < 3 implies

1 1 2|lg—p+3|
22la—p+3l — |1 — qw|2(a-P+3) <2 ’

thus, by (2.1) and changing to spherical coordinates, it is enough to prove
1
2 ,
[ ] 1hatror = s = e o) ar

~ [T [ Whatopa - e sy ar
0 S
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We have 1 <1+ < 2 and by (2.4), |¢},a|p is subharmonic. Now the result follows
1
applying Proposition 2.3 with 7 = 3 and

m) = [ 1P d(0).

Proposition 4.1. The next inclusions are true

i) If 0 < p' <p < oo then
Fi(p,q,s) C F;7O(p’,q,s) for —2<g<oo, 0<s<00.

ii) If =2 < ¢’ < g < oo then
, , ,
Fy(p,q'ss) C Fu(p.q,9), for 0<p<oo, 0<s<oo.

i) If =2 < g < oo and 0 < p < oo then
Fi(p,q,s') C Fi(p,q,s), for 0<s <s<oc.

Proof. We prove only i). Let f € Fi(p,q,s), du(z) = (1 — |2[*)9(1 — [} (x)[?)* dx
and 0 < p’ < p < co. By Holder’s inequality we have

’
p—p

/Bi Dhsrf @) dutz) - < ( /B |D§\4Tf(x)|pdﬂ($)>1;/(y(3)) ;

By Proposition 4.1 we get the result. g

Corollary 4.1. Let 0 < p < 00, —2< g <00 and 0 < s < co. Then:
i) Fy(0:a:8) € Nocprap Foo (050, 8);
i) Fl(p,d',8) C Nyreg Fy (005 8);
iii) Fy (p,4,8") € Ny ey Fy (0,0, 9)-

Now, we give a characterization of F; (p,q,s) in terms of Carleson measures.
We assume definitions and results of [14]. Let a € B;. Define the Carleson tube

by
x—a’<1—|a|} .
lal

For 0 < s < 00, a positive Borel measure p on B; is a bounded s-Carleson measure

if
w(E(a))

sup ———- < 00,
aeB; (1 —lal)®

E(a):{xeBi :
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and p is a s-compact Carleson measure if

i AE@)
jaj=1- (1 —lal)*

Theorem 4.3. (Theorems 3.1 and 3.2, [14]). Let 0 < s < 00 and 0 < 7 < o0.
A positive Borel measure p on B; is a bounded s-Carleson measure if and only if

su (1_|a|2)T >sd x %)
aeg/ ((1+ PP 2y ) <

and p is a compact s-Carleson measure if and only if
1— 2\T s
lim (1 —Jaf) = | du(z)=0.
lal=1=JB, \ (1 + |a|?|z]? — 2(x,a)) 2

From this result we obtain the next characterization for FZ, (p, g, ) spaces in terms
of Carleson measures.

Theorem 4.4. Let 0 < p < o0, —2<g< o0 and 0 < s < oco. Then

i) f € Fi(p,qs) if and only if du(x) = |53\4Tf(x)|p(1 — |2[?)%*S dx is a bounded
p-Carleson measure.

i) f € Fo(p,q,s) if and only if du(x) = |DMTf 2)|P(1—|2|?)9%* dx is a compact
s-Carleson measure.

Proof. Consider Theorem 4.3, with 7 = 1, the identity (2.1) and the fact that
|1 —az|* = (1 —ax)(1 —Ta) = 1 + |a|*|z|* — 2Re (za) .

So the result follows from the definition of the spaces. O

For additional information on this topic see [3].

5. The i-Bloch and i-Dirichlet spaces

In this section we define the i-Bloch space and characterize these spaces by some
special family of F;(p,q7s) spaces. Similar results can be proved using the func-
tion g*(z,a) as weight, instead of the weight (1 — |¢%(2)|?)*. The start point is the
following result.

Proposition 5.1. Let 1 <p < o0, -2 < ¢ <00, 0<s <00 and0 <R <1 be fized.
If fe F;(p, q,$), then there exists C = C(R) such that

(1 — |al ) ’DMTf ‘ < Cpgsfla) for all a € B;.
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Proof. Let 0 < R < 1 be fixed and a € B;. By the change of variable x = ¢¢ (w) and
Lemma 2.2 we have for 0 < s < 0o

Tp.g.sf(@)
- /D,xa,R) \Esz (x)‘p (1 - |"””|2)q (1= @b (@)*)° da

3
— ; p i af 1-|af
> ey [ Dt )] (1= ) <|1—|11|> v
P 2\?
S twa o (L)
= (1 _ RQ) (1 — |a|2)q+3 \/;1 . mDMTf (gOa (’Uj)) de
(R)
+3
(1-R?)* (1 - |a|2> 1 —wa o ! 2\ 9
= 2077 /B_(R) g D! (ea )| (1= o) dw
(1—R2) 1—|a| g o
- 22(q—p+3) / / |wfa PC ) pdo(Q)ap
(- & (1-jaf)"" )
2
2 92(a—p43) Diyrf (a ’ / (L=r7) pdp

= o) (1-1a?)" et (@)
Now the proposition follows from this estimation, where we have used the subhar-

monicity of |¢}7a 7. O

The previous result motivates the definition of i-Bloch spaces.
Let a > 0. Define the «,i-Bloch space B, as the set of 9 functions f : B; — H
such that

sup (1= [2[*)*[Dysr f ()] < o0
achB;

and the little a-Bloch space B, ; as the set of M functions f : B; — H such that

lim (1 — [2])*Dyrf(2)] = 0.

la]—1—

We observe that if 0 < a < o/, then B, C B!,. By Proposition 5.1 we obtain.

Corollary 5.1. Let 1 <p < oo, —2< qg< o0 and 0 < s < co. Then

F;(p,q, s) C BZ? and F;,O(p,q,s) C 82#70 .

We have the following partial reciprocal result of Corollary 5.1.
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Proposition 5.2. Let 0 < p < 00, —2 < g < oo and 2 < s < oo. If f € B'.,

(respectively f € Bi?%,o)’ then f € Fé(p7q,s), (respectively f € F;ﬁo(p,q,s) ).

Proof. Let f € B',; be a non constant function. Then, there exists 0 < M < oo
such that
at3
(5.5) (1=12P*) " |Dars @) < M
for all z € B;. Using the change of variable z = ¢’ (w) we get

Tast@) < [ = b @) da

1— |x‘2)q+3
1,12)\3
B, (1= [pi(w)[?)? 1 —awl

Mp/ (1 — |w]?)* 3 dw

k3

but the last integral is finite since 2 < s < oo and so f € F; (p,q,s).

We suppose now that f € Biﬁ o Then there exists 0 < R < 1 such that for all
=,

R<|z| <1
1

3 1
at er

(1=1al”) " [Dhurs )] <

1
([ 0=y ao)
B;
By Proposition 2.1 is enough to estimate

/Ai(R) ‘ﬁ?w:rf (x)‘p (1 — |x|2>q (1— |¢Z($)|2)9 de

€ 1 |
< / (1—] |2)s—3d /A-(R) (1 — |z[2)a+3 (1- |x‘2)q(1 _ |%zl(x)‘2)s de
—|w w /A
€ -
) / (1= |w[?)* ™ dw <e
[ 0= upy—ran s
B;
so this concludes the proof. .

Combining Corollary 5.1 and Proposition 5.2 we have the following theorem:

Theorem 5.1. Let 1 < p < 00, =2 < g < 00. The following conditions are equiva-
lent:

i) f € By, (respectively f € B, o)
P p

i) f e F.(p,q,s), (respectively f € F, 4(p,q,s)) for all s > 2.
i) f € F;(p, q,$), (respectively f € F;O(p, q,8)) for some s > 2.
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Proposition 5.3. Let 0 < p< oo, -1 <g< o0, 0<s<2 and
1 1
g+l catstl
If f € BL,, (respectively f € Bg)o) then f € Fj,(p7 q,s) (respectively f € F;’O(p,q,s)).
In particular
U B;CF;)(p7qas)Cquﬁ
P

O<a< 4tstl
P

Proof. Let f € B! be a non constant function. Then, there exists 0 < M < oo such
that (1 - |x|2) Diyrf (:C)‘ < M for all z € B;, and so by the change of variable

x = ¢’ (w) and by Lemma 2.1 we have

Toasfla) < [ | T~ P = @) de
(1= Ja?)?

|1 — qw|S

= [ G-l R)r ) du

i

= M-y

B

1
= Mp(l — |a|2)q*a,’0+3/ (1 _ T2)q+sfapr2/ do’(C)
0 o

11— arc|2a—optd)

(1 — [w[*)TFeep

. |1 _ aw|6+2q72o¢p dw

Q

1
Mp2q*ap+3)\/ (1 — )t Potsp2gy,
0

and the last integral is finite. For the little spaces imitate the proof of Pro-
position 5.2. g

Now we prove some results about Dirichlet spaces D;,q.

Theorem 5.2. Let 1 <p < oo, =1 < g < 0. Then D;,q C B, o
2,

Proof. Let 0 < R < 1 be fixed. Imitating the proof of Proposition 5.1 we obtain
(5.6) /D . Dy f(@)P(1 = |2*)? dz > C(R)(1 - |al*)™*[Diyr f (a)|"-

Since ‘
/ D f()P(1— [22) dar < oo

i

then given € > 0, there exists 0 < R < 1 such that
[ i @Pa - ey <.
A;(R)

By (2.2) there exists R < R’ < 1 such that D;(a, R) C A;(R) for all a € B; with
R’ < |a|] < 1. From (5.6) we get our result. O
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Theorem 5.3. Let 1 <p < oo, =1 < g < 0. Then

C () Fiolpas

0<s<o0
Proof. Let f € D}, , and € > 0. By Theorem 5.2, there exists 0 < R” < 1 such that
(5.7) (1 - |2|)*3 Dy f(@)P < forall 0<R’<|z|< 1.

Let R, R, R’ be as in the previous theorem, where R is fixed and we can choose
R’ < R < R' < 1. Then we have

Thasl@) = [ o Prrt @ (1-1a) @Iy do

) /A@ Dhirt @) (1-1a) (1= b)) o

By Proposition 2.1 the first integral goes to 0 when |a| — 17. We consider R’ <
la] < 1 and the second integral is divided in two integrals. Thus

/A \DieR) ’DMTf )’ (1 — MQ)‘I (1- |¢;($)‘2)s da

— p q
< a-ry [ |Dyrs@)| (1) dr<e.
AN (R)\D¥(a,R)

Finally by (5.7), the change of variable ¢! (w) = x and (2.1) we have
— p q i s
[ Pt @] (1= 1) 0= i@y de
Di(a R)

s

: Di(a,r) (1 — |; 2)q+3 ( || ) (1 — | (2))?)* da

<< (1 — ) S g
) T 1= qulf

= / — |w|)*73 dw
(R)

so we finish the proof. O
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KWATERNIONOWE PRZESTRZENIE FUNKCYJNE F (p,q,s)
MOISILA-THEODORESCU

Streszczenie

W pracy definiujemy rézniczkowalno$é w sensie Moisila-Théodororescu przyporzadko-
wana szczegblnemu wlozeniu przestrzeni R® w przestrzei kwaternionowa H. Przy uzyciu
pochodnej Moisila-Théodororescu wprowadzamy i badamy odpowiednik przestrzeni funk-
cyjnej F(p, q, s) oraz Fo(p, q, s) wprowadzonych w pracy R. Zhao (1996). Uzyskujemy wyniki
podobne do otrzymanych w przypadku monogenicznym; zob. [9, 11, 21].

Stowa kluczowe: Moisila-Théodororescu, Q;, przestrzenie i-Blocha i F;(p, g, s)
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Summary

The natural action of the unitary group U(n) on C™ induces its action on the Grassmann
manifold G (C™) consisting of real k-dimensional subspaces in C". In [9] it has been shown
that the Kahler angle, used by Chern and Wolfson in the theory of minimal surfaces,
determines the orbit of a 2-plane of a complex vector space in the real Grassmannian under
the action of the unitary group. Generalizing such notion in [15], the multiple Kahler angle
0(U) of a real subspace U of a complex vector space is defined and it is shown that it is a
complete invariant with respect to the natural action of the unitary group, that is, for two
real subspaces V and W of same dimension in C", there exists ¢ in U(n) which satisfies
W =g-V if and only if (V) = 6(W). In this article we determine a complete invariant for
a real subspace of dimension 2 with respect to the action of Sp(n) and Sp(n) - Sp(1) — the
groups of automorphisms of a real vector space endowed respectively with an Hermitian
hypercomplex and an Hermitian quaternionic structure. A model of such spaces is the
n-dimensional quaternionic numerical space H", a vector space of dimension 4n over R. We
introduce the imaginary measure and the characteristic deviation of a 2-plane and prove
that they characterize completely the orbit in a 2-plane in G5 (H") under the action of the
groups Sp(n) and Sp(n) - Sp(1), respectively.

Keywords and phrases: hermitian quaternionic structure, principal angles, Kéhler angles,

Sp(n), Sp(n) - Sp(1)

1. The Hermitian quaternionic structure

Let V be a real vector space of dimension 4n.

Definition 1.1. 1. A triple H = {J1, Ja, J3} of anticommuting complex structures
on V with JyJy = J3 is called a hypercomplex structure on V.
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2. The 3-dimensional subalgebra
Q = spang(H) = RJ; + RJy + RJ5 = sp,

of the Lie algebra End(V) is called a quaternionic structure on V.

Note that two hypercomplex structures H = {J1, Jo, J3} and H' = {J], J3, J5}
generate the same quaternionic structure Q iff they are related by a rotation, i.e.

J=Y AlJs,  (a=1,2,3)
5

with (A%) € SO(3). A hypercomplex structure generating Q is called an admissible
(hypercomplex) basis of Q. We denote by S(Q) the 2-sphere of complex structures
J e Q,ie.

S(Q) = {aJ, + by + cJs, a,b,c €R, a® + b + % =1}

Definition 1.2. An Euclidean scalar product <, > in V is called Hermitian with
respect to a hypercomplex structure H = (J,) (resp. the quaternionic structure
Q = spang(H)) if and only if, for any X,Y € V|

< Jo X, JoY >=< XY >, («=1,2,3)

(respectively
<JX,JY >=< XY >, (VJ € S(Q))).

Definition 1.3. A hypercomplex structure H (resp. quaternionic structure Q) to-
gether with an Hermitian scalar product <, > is called an Hermitian hypercomplex
(resp. Hermitian quaternionic) structure on V and the triple (V4" H, <, >) (resp.
(Vin Q. <,>)) is an Hermitian hypercomplex (resp. quaternionic) wvector space.

For a survey of some results on Hermitian hypercomplex and Hermitian quater-
nionic structures one can refer among others to [2] and [12].

The prototype of an Hermitian hypercomplex vector space is the n-dimensional
quaternionic numerical space H" which is a real vector space of dimension 4n, a
H-module with respect to right (resp. left) multiplication by quaternions and is
endowed with the canonical positive definite Hermitian product

n o n R
h-h'= Y hoh!, (resp.h-h'= > h,h!),
a=1 a=1
h=(hi,...,hn), W = (h},..., ) € H".

(1)

The real part of the Hermitian product defines an Euclidean scalar product
<, >= Re(-) on the real vector space H" ~ R*".
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If we consider the basis (1,1, j, k) of H satisfying the multiplication table obtain-
able from the conditions

(2) ==k =—1;ij = —ji =k,

one has that the right multiplications by —i, —j, —k (resp. left multiplication by
1,7, k) induce real endomorphisms (I = R_;,J = R_;, K = R_}) of the H-module
H" satisfying I? = J? = K? = —1Id, IJ = K = —JI and skew-symmetric with
respect to the metric <, > i.e. a Hermitian hypercomplex structure on H". The
basis (1,1, j, k) of H is not the only one satisfying the relations (2).

Proposition 1.4. [3] A new basis (1,¢,5', k") of H gives rise to the same multipli-
cation table iff (', 5, k") = (i, j, k)C with C € SO(3).

Proof. 1t is possible to prove the above proposition by a direct calculation. Alterna-
tively we recall that all automorphisms of the algebra H are internal i.e. given by an
application such as

(3) op g pap

where p is a suitable quaternion that we can always assume unitary (hence p~!

=p).

Such an application has a simple geometrical interpretation. By representing any
q = qo + q1i + q2j + g3k € H on the Euclidean space E*, the automorphism oy, acts
clearly as the identity on the axis where are represented quaternions which reduce
to real number and give rise to a rotation of the E? orthogonal to such axis. In fact,
for X, Y € H,

< g X, aY > =Re(qXqqYq) = Re(qqXqYq) = Re(¢XqqY q) =
=Re(¢XYq) =Re(XYqq) =Re(XY) =< X,V >.

Then o, € O(3). Moreover, being Sp(1) = S? connected, it is immediate to verify
that Sp(1) is in the connected components of the identity of O(3). The application
¢ — g is an epimorphism of Sp(1) in SO(3). In fact

a;aq(X) = q/qu(i/ = q/qXﬁ = aq’q(X)~
To see that it is surjective we observe that for ¢ = cosf + isinf (resp. ¢ = cosf +
jsin®, ¢ = cosf + ksinf) we obtain all rotation around the axis i (resp. j, k) of an

angle 260. The Kernel of the homomorphism Sp(1) — SO(3) is Zy = {1, —1}. O

Making the identification E® =2 (Im H, Re( - )) we have then proved the following
well known

Proposition 1.5.

SO@3) ={ay: 2" =qxq, z € ImH, g € Sp(1)}; SO(3) = Sp(1)/Z>

We shall denote by B the set of bases of H satisfying the relations (2) and call it
canonical system of bases (see [3]).
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If g =a+bi+ cj + dk € Sp(1), the orthogonal matrix C, associated to ¢y, such
that (', j', k") = (4, 4, k)Cy is given by

a?+b? —c? — d? 2(bc — ad) 2(ac + bd)
(4) SO(3)>C, = 2(ad + be) a? — b+ — d? 2(cd — ab)
2(bd — ac) 2(ab+ cd) a? —b? —c? + d?

In [3] it has been proved that

Proposition 1.6. [3] Both the Hermitian product and the scalar product of H™
have intrinsic meaning with respect to the canonical system of bases B.

Let (1,4,4,k) € B be a chosen basis in H and denote by I = R_;, J=R_;, K =
R_}; the real endomorphisms of the H-module H". Let Q = spang(I, J, K).

Proposition 1.7. For the scalar product and the Hermitian product of a pair of
vectors L, M € H" the following relation holds:

(5) L - M=<LM>+<L,IM>i+<L,JM > j+ < L, KM >k

Proof. We prove that
<L, IM > < L,JM > < L KM >
are respectively the coefficients of 4, j, k in the Hermitian product L - M. In fact

< L,IM >=Re(L-—Mi) = —Re(L - M)i which is exactly the coefficient of ¢ of the
quaternion L - M and analogously for < L, JM > and < L, KM >. a

If (1,47,5,k") € B and
I'=R_y,J')=R_j,K' =R_j
is an admissible basis of Q, from Proposition 1.6 one has
L-M = Re(L-M)+Re(L-I'M)i'+Re(L-J)j +Re(L- - K'M)k
= <L M>+<LI'M>{+<LJM>j+<LKM>FEK
= <L M>+<L,IM>i+<L,JM > j+<L,KM >k

The coefficients of the (H-valued) Hermitian product defined in (5) depend clearly
on the chosen basis of H. Since a pair of bases By, By € B of H is related by an
orthogonal transformation which fixes the real axis and is the real part of (L - M)
independent from the admissible hypercomplex basis, we can state the

Proposition 1.8. The quantity

<L,R;M>*+<L,R_jM>?+ < L,R_ M >>
=<L,IM>2+ <L, JM >2+ <L KM >?

does not depend on the admissible basis (I, J,K) of Q.

Later on we see a geometrical consequence of this proposition.
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2. The groups Sp(n) and Sp(n) - Sp(1)

Let V be a 4n-dimensional real vector space. We regard V = R*" as a right module
over the skew-field H of quaternions by identifying (in the canonical way) R*" with
H™ and by letting H act by right multiplication. For any basis (1,4,j,k) € B of H
the scalar right multiplications

I=R_;,J=R_;,I=R_,

define an Hermitian hypercomplex structure on V' (clearly depending on the iden-
tification V' =2 R*") and consequently an Hermitian quaternionic structure Q =
spang (I, J, K).

We first recall the following definition appearing in [3] and [5].

Definition 2.1. The subspaces U*" C H" of real dimension 4h, being the real im-
age of the subspaces of H" of quaternionic dimension h, are called characteristic
(quaternionic) subspaces. A subspace UP of V4" ~ H" is pseudo-characteristic if it
is contained in a U%™ characteristic being m the smallest integer such that 4m > p.
Any subspace UP is contained in some characteristic subspaces and the real dimen-
sion 4t of the smallest among them ranges between p and 4p. A subspace UP is
almost characteristic if 4t < 4p.

Observe that for instance a subspace of real dimension 1 is always pseudo-
characteristic and never almostcharacteristic. In the following we shall call char-
acteristic line, (resp. plane, 3-plane, ...) a characteristic subspace of dimension 4
(resp. 8,12,...). Moreover, for a subspace U C V we denote by U™ the smallest
characteristic subspace containing U, i.e. the subspace spanned over H by a basis of
U.

The group Sp(1) is the group with multiplication of unitary quaternions. It is a
Lie group whose Lie algebra sp; = Im H ~ Q. For any quaternion g € Sp(1), let us
consider the unitary homothety in the H-module V:

qg: X—Xq, XeV.

For instance the automorphisms I = R_;,J = R_;, K = R_j belong yo these
transformations .

Proposition 2.2. [4] The unitary homotheties are rotations of V4" that leave in-
variant any characteristic line. Moreover for any X € V the angle X, Xq does not
depend on X and it is

cosm = Re(q)

Restricting to the action of Sp(1) determines then an inclusion

A:Sp(l) = SO(4n).
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We define Sp(n) to be the subgroup of SO(4n) commuting with A(Sp(1)) i.e.
Sp(n) is the centralizer of ASp(1) in SO(4n). From (5), by

ATAT =T, AJA ' = JJAKA™ = K, VA € Sp(n),

it follows that Sp(n), besides preserving any admissible basis of Q, preserves the
Hermitian product (1), i.e. it is the (quaternionic) unitary group of H”. It acts transi-
tively on orthonormal (with respect to the Hermitian product (1)) bases
{X1,...,X,} of the right quaternionic vector space H". Moreover, with respect to
the structure of a 4n-dimensional real vector space, for any admissible basis (I, J, K)
of Q it acts transitively on orthonormal (with respect to the Euclidean scalar product
Re(+)) bases such as

{X1,IX,,JX1,KXy,..., X, IX,, JX,,, KX, }.

Let now consider in H" the transformations T(4, : X — AXq with A €
Sp(n), g € Sp(1), X € H™. We denote by Sp(n) - Sp(1) the group of these transfor-
mations. We can write

X — AXq = A(qq)Xq = (Aq)(7Xq).
Observe that (Aq) € Sp(n) since ¢ is unitary. In fact
B € Sp(n) & BB' =1d

and
Aq(Aq)t = Ag(gA)’ = Agg(A)’ = AA! = 1d.

In order to study the transformation X — §Xgq, let {X1,...,X,} be a basis of
H" over H and (I, J, K) an admissible basis of Q.

The vectors X;, IX;, JX;, KX;, i =1,...,n form a basis over R of the charac-
teristic lines X ~ H = spang(1, i, j, k). From Proposition (1.5) the action of o, on
H preserves the real axis and rotate the basis (i, j, k). Then

CYXFI q: (XZ,IXZ,JX“KXl) —> (Xi,I/Xi,J/Xi,K/Xi), Z = ].,. .o, Nn
where
I'=R_y,J = R_j, K' = R_j,; with (i/,j/, k/) =q(1, 4, k)q.

Therefore Sp(n)-Sp(1) is the normalizer of ASp(1) in SO(4n) which is isomorphic
to the product Sp(n) xz, Sp(1) where Zs = {1,—1}. Note that Sp(1) - Sp(1) is
precisely SO(4), whereas, for n > 2, Sp(n) - Sp(1) is a maximal Lie subgroup of
SO(4n). Observe that Sp(n) - Sp(1) is not a subgroup of U(2n).

For a deeper understanding of the groups Sp(n) and Sp(n) - Sp(1) one can refer
among others to [12] and [7].

In light of what we said we have that the groups of automorphisms of an Her-
mitian hypercomplex and an Hermitian quaternionic vector space are isomorphic
to Sp(n) and Sp(n) - Sp(1) ( [2]), respectively. They may be characterized by the
property of preserving some class of admissible bases of V. For an Hermitian hyper-
complex structure H = (I, J, K) of V the admissible bases are orthonormal basis of
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the form
{X1,I1X,,JX 1 KXyq,..., X0, I1X,, JX, KX, }.

For an Hermitian quaternionic structure Q on V the class of admissible bases is
the union of those corresponding to the Hermitian hypercomplex structures gener-
ating Q.

3. Angles between subspaces of a Euclidean vector space

Following [13] and [10], we define the (Euclidean) angle between two subspaces of
dimension p and ¢ of a Euclidean vector space by using an exterior algebra. Let E™
be an n-dimensional vector space endowed with a Euclidean scalar product. For a
pair of vectors a,b € E™ we denote by a - b their inner product.

For 1 < p < n, APE™ denotes the vector space consisting of p-vectors, i.e. linear
combinations over R of wedges of p-vectors. A p-vector is called decomposable if it
can be decomposed as a single wedge of p-vectors of E™.

We extend the scalar product (- ) in E™ to a scalar product <, > in the vector
space APE™ by defining

<a,f>= det(ai . bJ)

for a pair of decomposable vectors
a=ai N...,Nap; B=biN...,Abp, ajb€E"

and then extending for linearity to any pair of vectors in APE™.
It is definite positive and non degenerate; then the pair (AP E™, <>) is a Euclidean
vector space. In particular, for the angle between v and 3,
— <a,fb> det(a; - b;
(6) cosafl = b = — (a: _l).
V<oa,a>+/<pB,> misamisfj

with
mis o = o] = /< a,a >.

Any decomposable p-vector o = a1 A...Aa, corresponds to a subspace A? € E™ and
precisely to that spanned by a1, ..., a,. Conversely, for any basis of AP the wedge of
these vectors is a multiple of « (i.e. it is equal to ko, with k € R, k # 0).

Given AP and BY with o = a1 A ...,Aap, € APE"™ associated to A and § =
by A...,Aby € AIE™ associated to B, we consider the orthogonal projections of
ai,...,a, on B and B~L. Then a; = alﬂ + a}/, and @ = ag + ay + apr (M means
mixed part).

Lemma 3.1. If we choose another basis in A (then o/ = ka), we have

ay =kag, oy =kay, oy =kay.
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Definition 3.2. The angle between AP and B, p < ¢ is the usual angle (between two
lines, a line and a plane, two planes) i.e. the angle between one subspace and its
orthogonal projection onto the other, i.e.

lovr |

o]

6 = arccos

Then 6 € [0,7/2] and, from the previous lemma, it is independent of the chosen
basis in A. In particular, if p = ¢ then we can write
| det(a; - b;)|

laf - |A]
i.e. the cosine of the angle between a pair of p-planes A, B C E™ equals the absolute
value of the cosine of the angle between any pair of p-vectors a,f € APE™ corre-
sponding to A and B.

(7) 0 = arccos

We recall the definition of the principal angles between a pair of subspaces of a
real vector space V (see [6], [11] among others).

Definition 3.53. Let A, B CV be subspaces, dimk = dim(A) < dim(B) =1 > 1. The
principal angles 0; € [0.7/2] are recursively defined for i = 1,... &k by

Sanbi> S b b m = 1,2, i 1),
[las]] 1]b:]] |lal] I16]]

where a; € A, b; € B.

cost; =

In words, the procedure is to find the unit vector a; € A and the unit vector
b1 € B which minimize the angle between them and call this angle 8;. Now take the
orthogonal complement in A to a; and the orthogonal complement in B to b; and
iterate.

The principal angles 61, ..., 0 between the pair of subspaces A, B are some of
the critical values of the angular function

pap=AxB—=>R

associating with each pair of non-zero vectors a € A, b € B the angle between them.
(Other critical values of this function are for instance m — 6;).
We recall the theorem of Afriat ( [8], [1]) which states:

Theorem 3.4. [8], [1] In any pair of subspaces A* and B! there exist orthonormal
bases {u;}r_, and {v;}:_, such that

<wuv >>0 and <wvyxwv;>=0 if i#j.

Then, from Definition 3.3, it follows that the values < u;,v; >, i =1,...,k, are
clearly the cosines of the principal angles between the subspaces A and B.



Orbits in the real Grassmannian of 2-planes under the action 137

The principal angles between a pair of subspaces A, B of V are also defined as
the singular value of the orthogonal projector P4 : B — A. (or, equivalently, the
singular value of the orthogonal projector P? : A — B).

We recall the following well known theorem of linear algebra.

Theorem 3.5. (SVD: Singular Value Decomposition) Let M be an m X n-matriz
whose entries come from the field K, which is either the field of real numbers or the
field of complex numbers. Then there exists a factorization of the form

M=UxV*

where U is an m X m-unitary matriz over K, the matriz ¥ is m X n-diagonal ma-
trix with nonnegative real numbers on the diagonal, and V* denotes the conjugate
transpose of V', an n x n-unitary matriz over K. [Such a factorization is called a
singular-value decomposition of M (SVD)].

A common convention is to order the diagonal entries 3J;; in non-increasing fash-
ion. In this case, the diagonal matrix 3 is uniquely determined by M (though the
matrices U and V are not).

Definition 3.6. A non-negative real number o is a singular value for M iff there exist
unit-length vectors u in K™ and v in K™ such that

Muv = ou, M*u = ov

The vectors v and v are called respectively left-singular and right-singular vectors
associated to the singular value o.

In any singular value decomposition
M=U%V*

the diagonal entries of ¥ are necessarily equal to the singular values of M. The
columns of U and V are, respectively, left- and right-singular vectors for the cor-
responding singular values. Consequently, the SVD theorem states that an mxn
matrix M has at least one and at most p = min(m,n) distinct singular values, and
that it is always possible to find a unitary basis for K™ and a unitary basis for K™
consisting respectively of left-singular and right-singular vectors vectors of M.

A singular value for which we can find two left (or right) singular vectors that
are linearly independent is called degenerate.

Non-degenerate singular values always have unique left and right singular vectors,
up to multiplication by a unit phase factor e?’ (for the real case up to sign).

Consequently, if all singular values of M are non-degenerate and non-zero, then
its singular value decomposition is unique, up to multiplication of a column of U by
a unit phase factor and simultaneous multiplication of the corresponding column of
V by the same unit phase factor.

Degenerate singular values, by definition, have non-unique singular vectors. Fur-
thermore, if uy and us are two left-singular vectors which both correspond to the
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singular value o, then any normalized linear combination of the two vectors is also
a left singular vector corresponding to the singular value o. The similar statement
is true for right singular vectors. Consequently, if M has degenerate singular values,
then its singular value decomposition is not unique (while the diagonal matrix is
always unique).

According to the SVD theorem, there exist orthonormal bases (ai,...,a;) in A
and (by,...,by) in B with respect to which the matrix representing P? (which is
the Gram matrix G(A x B) assumes diagonal form (with non negative entries) plus
a null block i.e

GAx B)=[T 0], (T=diag).

Completing the basis of B with an orthonormal basis (bg11,...,b;) of
spang (b, ...,bx)" in case [ > k, we have that the Gram matrix G with respect to
the orthonormal bases {a;, i = 1,...,k} and {b;, i« = 1,...,l} assumes the form
above.

By the unicity of the diagonal form (setting the diagonal entries in non increasing
order), the diagonal entries are then exactly the principal angles between of the pair
A,B ie. I' = diag(cosb;), i = 1,...,k whereas the vectors {a;, i = 1,...,k} and
{b;, i=1,...,1} are left and right singular vectors of the SVD.

Definition 3.7. Two subspaces A and B of same dimension are said to be isoclinic
and the angle ¢ (0 < ¢ < 7) is said to be angle of isoclinicity between them if either
of the following conditions hold:

1) the angle between any non-zero vectors of one of the subspaces and the other
subspace is equal to ¢;

2) GG' = cos ¢ Id for the Gram matrix G with respect to any orthonormal basis
of A and B;

3) all principal angles between A and B equals ¢.

A practical way to determine the principal angles follows from the theory of eigen-
value decomposition of endomorphisms. Given in fact an SVD of M, as described
above, the following two relations hold:

M*M = VS U USV* = V(S*8)V*

MM* = USV*VS*U* = U(SE*)U*

The right-hand sides of these relations describe the eigenvalue decompositions of
the symmetric (or Hermitian if K = C) matrices of the left hand sides. Consequently,
the squares of the non-zero singular values of M are equal to the non-zero eigenvalues
of either M*M or MM* . Furthermore, the columns of U (left singular vectors) are
eigenvectors of MM™* and the columns of V' (right singular vectors) are eigenvectors
of M*M.

In our case M is the Gram matrix G and the singular values are the cosines of
the principal angles.
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We underline the following relation between the angle and the principal angles
between a pair of subspaces of a real vector space V.

Proposition 3.8. [13] Let AP and BY be a pair of subspaces of V™ with 1 < p <
g < n. Let 6 be the angle between the subspaces AP and B of E™ and 61, ...,0, the
principal angles between them realized by the pairs of unitary vectors (a;,b;), i =
1,...,p (i.e. 6; =< a;,b; >). Then

cos ) = cost costly...cosb.

Proof. Let o = a1 A ...,Aa, the p-vector corresponding to AP. Then |a| = 1.
Moreover aff = b;cosf;, i=1,...,p. Then

afl = cos b, cosfy...cos0,bi Nba A ... Aby.

and
cosf = |ay| = cosbycosbs...cosb,.

O

This makes perfect sense because the principal angle 6; is just the length of the
projection of a; onto B. If we consider a unit cube with edges given by the a; then its
projection onto B will have edges scaled by the appropriate cos #;. Thus, projecting
the cube scales its volume by the product of the cos6;. In particular if p = ¢ the
angle between A and B is given by the determinant of the Gram Matrix G(A x B)
(i.e. the matrix of the projector P4 : B — A).

From Afriat Theorem we derive the following

Corollary 3.9. Let A' and BP a pair of subspaces in V™, | < p, l +p < n, and
0;, i =1,...,p the principal angles between them. There exists an orthonormal basis
{z1,...,xn} of V™ such that
{a1,...,ai} ={z1,... 2}
is an orthonormal basis of A', and
{b1,...,bp} = {cosbrxz1 +sinbrx;41,...,cos0x; +sinbyxay, Tyy1, ..., Tp}

is an orthonormal basis for BP.

This is a nice choice of the basis for A and B since the angle between a; and b;
is exactly the principal angle 6; for alli =1,...,p.

Proof. From Theorem (3.4), there exist orthonormal bases {a1,as,...,a;} and
{b1,bs,...,b,} such that < a;,b; >= cosb;, i = 1,...,p, and < a;,b; >= 0 for
i=1,..,0, j=1,....p, i %]

Let then (x1,x2,...,2;) = (a1,as9,...,a;). Complete it to an orthonormal basis
{Z141,-..,%n} Then
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b; = cosa;x; + hili'l—i-l + hiz.fH_Q + ...+ hi,n—ljna i=1,...,1
by = hinTig1 + hioZigo + ...+ hy Ty, t=14+1,...,p

where
R +hh+. . +hi,  =sin’a;, i=1,...1

Ky +hh+. 4k, =1 i=1+1,...,p
Moreover
hithji + highjo + ... + hin_ihjn_1 =0, 4,5 =1,...,p, i #].

Consider the vectors

Ty = (h'lfk+1 + hioZgqo + ...+ hi,n,l{,ﬁn), i=1...1

sin a;
Tipi = hinZpq1 + hioZgq2 + .o+ hin1@n, i=1+1...p
Then {z1,...,Z14p, Zi4p+1,--.,2n} is an orthonormal basis of R™ and
b; = cosa;x; +sinagx;, i=1,...,1.
b=z, i=14+1,...,p.
O

Finally we recall the notion of Kéahler angle which is defined in a real vector space
V endowed with a complex structure I.

Definition 3.10. Let (V?",I) be a real vector space endowed with a complex struc-
ture I. For any pairs of vectors X,Y € V their Kdhler angle is given by

< X,IY > < X,IY >

= arccos

8 0 = arccos ————— _
®) 1 X||Y]sin XY mis (X A\Y)

Then 0 < 6 < 7. If one wants to disregard the orientation of the 2-plane A =
spang(X,Y) we can consider the absolute value of the right hand side of equation
(8) restricting the Kéhler angle to the interval [0.7/2].

It is straightforward to check that the Kéhler angle is an intrinsic property of
the (oriented) 2-plane A. For this reason we will also speak of the Kéhler angle of a
2-plane. The Kéhler angle measures the deviation of a 2-plane from holomorphicity.
Observe that the Kahler angle of the 2-plane A is one of the two identical principal
angles between the pairs of 2-plane A and I A which are always isoclinic as one can
immediately verify. Therefore for the angle between the pair of 2-planes A and IA
one has:

2
(9) cos(A,1A) = — ¥ >
mis® (X AY)

From Proposition (1.8) it follows the
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Corollary 3.11. Let U C (V4",Q, <,>) be a 2 plane. The sum of the cosines of the

angles between the pairs (U, IU), (U, JU), (U, KU) is constant for any admissible

basis (I,J, K) of Q.

Proof. Let U = spang (X,Y) and (I, J, K) an admissible basis of Q. By (9) one has
cos(fl\U) + cos((fJ\U) + cos([fK\U)

(< X, 1Y >2 + < X, JY >2 + < X, KY >2)
mis? (X AY)

The conclusion follows from Proposition (1.8). O

The following angular definitions shall apply in the context of an Hermitian
quaternionic vector space (V4" Q, <, >).

For a 2-dimensional subspace U C V, in order to generalize the notion of Kéahler
angle, we will need to specify the complex structure we are considering. Therefore
we will speak of J-Kdhler angle of U with J € S(Q).

Definition 3.12. For a pair of vectors L,M of V and I € S(Q), we define their
I-complex characteristic angle ¢ as the angle between the pseudo-characteristic
2-dimensional subspaces spang(L,IL) and spang(M,IM). Moreover we call the
quaternionic characteristic angle ¢ between L and M the angle between the char-
acteristic lines L and M™.

Proposition 3.13. The [-complex characteristic angle ¢ between a pair of vec-
tors L, M of V is given by
(<L,M>?+ < L,IM >?)

<L,L><M,M > ’
while the quaternionic characteristic angle ¢ between the same pair of vectors is
given by

(10) cos ¢ =

s — NP
L mis* I mis* M
(11)

(KL,M>?+ <L, IM >*+ < L,JM >? + < L, KM >?2)2

< L,L>2< M, M >2

where N'(q) = qq.

Proof. The proof follows immediately from (7). From Proposition (1.8) we derive the
expected independence of the quaternionic characteristic angle from the admissible
basis (I, J, K). O

As the Euclidean metric give rise to the consideration of Euclidean angles, the
Hermitian metric defined in V" allows us to introduce an Hermitian angle between a
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pair of vectors. In [4] the Hermitian angle between a pair of vectors of a quaternionic
vector space V4" is defined as

L-M
ooy = D)

L[| M]

(12)

VLM >2+ <L IM >2+<L,JM >2+ < L, KM >2)
V<L,L>J/<MM >
It does not depend on the admissible basis of Q. Observe that the Hermitian angle
1) between a pair of vectors L, M is just the angle between such pair (computed
by using the Hermitian product), whereas the characteristic angle ¢ is the angle
between the 4-dimensional characteristic lines they span over H. It is cos ¢ = cos* 4.

4. The imaginary measure and the characteristic deviation
of a 2-plane

Let (V4" Q, <,>) be an Hermitian quaternionic vector space and U C V a 2-plane.
Consider the purely imaginary quaternion
Tm(L - M)

IMU) = A

L, M €U.

Proposition 4.1. ZM(U) in an intrinsic property of a 2-plane U C (VA" Q, <, >)
i.e. it does not depend neither on the chosen generators L, M nor on the admissible
basis H of Q. Moreover Sp(n) preserves ZM(U).

Proof. W L' =rL+sM, M =v'L+sM, rsr,s R then
Im(L'-M') <L IM >i+ <L ,JM > j+ <L, KM >k
mis(L' A M") V< (LAMY), (L' AM') >

IM(U)

(rs’ — sr)Im(L - M)
(rs' —sr')y/< (LAM),(LAM) >
The second statements follows from Proposition (1.6). The invariance of ZM(U)
under the action of Sp(n) on V is obvious being Sp(n) the quaternionic unitary
group. 0

Definition 4.2. We call
Im(L - M)
mis(L A M)
the imaginary measure of the 2-plane U in the Hermitian quaternionic vector space
(Vin Q. <, >).

IM(U) =

In particular, if the pair L, M is an orthonormal Euclidean basis of U, then
IMU)=L M.
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On the contrary, the group Sn(n)-Sp(1) does not preserve ZM(U). If ¢ € Sp(1),
one has ALq- AMq = G(AL - AM)q = g(L - M)q. Then the action of Sp(n) - Sp(1)
performs a rotation on the imaginary quaternion ZM(U) in Im H (Proposition 1.5).

Extending to an Hermitian quaternionic vector space case some notions and
results of a vector space endowed with a complex structure (see [10]), in [3] it has
been introduced
N[Im(L - M)]

A mis?(L A M)

NEMU)) =

(13)
< LIM>%+ <L, JM >? 4 < L, KM >?
mis?(L A M) '
In particular, in case the basis L, M is orthonormal, A(U) = N(L - M).
From Proposition (1.8 ), one has the

Proposition 4.3. The quantity A(U) is an intrinsic property of a 2-plane preserved
by the action of the group Sp(n) - Sp(l) on V.

Claim 4.4. [3] The real number A(U) € [0,1] and equals 1 iff dim U = 1.

Proof. Choosing a pair of orthonormal vectors L, M in U, it is A(U) = |(L - M)|?
which equals the square of the cosine of the characteristic angle between the char-
acteristic lines L¥, M™. Then A(U) = 1 iff U is pseudo-characteristic. a

Definition 4.5. The angle 6(U) € [0,7/2] such that cos?6(U) = A(U) is called the
characteristic deviation of the real 2-plane U C V.

Lemma 4.6. [3]

A(U) = cos*6(U) = cos(ﬁ) + cos(U/,-J\U) + cos(m).

where cos(i,-IT]) (resp. COS((]/,-J?]), cos([fK\U)) denotes the cosine of the angle
between the pairs of 2-planes (U, IU) (resp. (U, JU), (U, KU)).

Proof. Let compute the angle between the pair of isoclinic 2-plane U = spang (L, M)
and IU. Applying (7) one has

<L/IL> <L,IM >
<M,IL> <M,IM >

cos(U: 1U) = =T A ) mis(TL A T0)
i.e. )
S L,IM
cos(U, IU) = <2’7>
mis“(L A M)
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Observe that, from Proposition (3.8), cos(U/,-I\U) (resp. cos(U/,-JT]), cos(m))
is the product of the cosines of the pair of identical principal angles between the pair
(U, IU) (resp. (U, JU),(U, KU)) which in this case equal the I-K#hler angle (resp.
J-Kahler, K-Kéhler) given in (8).

The definition of characteristic deviation of a 2-plane given in [3] has been ex-
tended in [3] and [4] to 3 and 4-dimensional subspaces. In all this cases, the charac-
teristic deviation is an angle 6 € [0, 7/2] which measures the deviation for a subspace
from being pseudo-characteristic. The definition of characteristic deviation given for
subspaces of dimension 2,3 and 4 has been generalized in [5] to any U’ C V4" us-
ing the ratio between the Euclidean and Hermitian measure of a simple multivector
that we can always associate to the given subspace. To this aim it has been used the
theory of determinants on a non commutative field developed by Dieudonné. In this
case it is an angle § € [0, 7/2] which measures the deviation for the given subspace
UP C V4" from being almost characteristic. For our purposes we will introduce the
following invariant to associate to a subspace UP of any dimension p. To this aim we
give the following lemma whose proof can be found in [3].

Lemma 4.7. Let {Xy,..., X,,} be a set of linear independent vectors in V. For any
orthogonal transformation

m
T:X, X, =Y cn.X,
s=1
with (¢s) orthogonal matriz of order m, one has

> Nm(X, - X)) =Y N[m(X] - X])]

r<s r<s

The following definition generalizes the definition of the characteristic deviation
given for a 2-plane.

Definition 4.8. Let (X1, ..., X,,) be an orthonormal basis of the subspace U™. De-
note by U,s =< X, X; >r. We call the quantity

(1) aw)=(1) T aw

r<s
the characteristic deviation of the subspace U™.

From Lemma (4.7) and Proposition (4.3) it follows that the characteristic devi-
ation of a subspace U C V depends neither on the admissible basis H of Q nor on
the chosen orthonormal basis of U which determines the 2-planes of U appearing in
the (14) then

Proposition 4.9. The characteristic deviation A(U) of a subspace U of the Hermi-
tian quaternionic vector space V is an intrinsic property of U.
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5. Orbit of a 2-plane of H" under the action on Sp(n)
and Sp(n) - Sp(1)

We fix one for all the basis (1,4,j,k) € B of H. Let consider the 4n-dimensional
Hermitian quaternionic vector space (H", Q = spang(I,J, K), <,>= Re(-)) where
(I =R_;,J =R_;,K = R_}) is the Hermitian hypercomplex structure given by
right multiplications by the imaginary units (—i, —j, —k) on the H-module H". Let
(e1,...epn) be the (Hermitian) orthonormal canonical basis of H" over H. We denote
by G5(H") the real Grassmannian of the 2-planes of H” and by

GIM ={U € GS(H") | ZM(U) = TM}

the set of subspaces U C H" of real dimension 2 sharing the same imaginary measure
equal to ZM € ImH. Recall that 6(U) € [0,7/2] is the angle whose square cosine is
the characteristic deviation of U i.e. cos?§(U) = A(U). In particular, if (L, M) is an
orthonormal basis of U, one has A(U) = N(ZM(U)) = N(L - M).

Theorem 5.1. The imaginary measure ZM(U) determines completely the orbit of
a 2-plane U C H" in the Grassmannian Gs(H") under the action of Sp(n). By
denoting

W = spang(e1,e1ZM(U) +sin§(U)ez),
we have GEM = Sp(n) - W.
Proof. Let H” D U = (uy,uz2)r € GIM with (uy,uz) an orthonormal basis. Observe
that ZM(W) = ZM(U) = ZM. From Proposition (4.1), the group Sp(n) preserves
IM(U) then GIM D Sp(n) - W. We show that GEM C Sp(n) - W.
The group Sp(n) acts transitively on unitary vectors so there exist A € Sp(n)

such that

A: u; +— e,

A:ug — Aua =Y = (e1q1 +e2g2+ ...+ enqn)

= (e1q1) + (e2q2 + ... + engy)

with Y unitary. Let Y1 = e;q; and Y =eaq2 + ...+ €nqn.
By the action of 1 @ B with B € Sp(n — 1) (since Sp(n — 1) acts transitively on
vectors of H" ! preserving norms):

B:(Auz) =Y — (e1q1 + e2|Y2|), Yol =V (Y2 Y2) = V(@2@2+ -, @ntn))

i.e. by (Bo A) € Sp(n) we have carrier U to spang(e1,e1q1 + e2|Yz2|)
Since Sp(n) C SO(4n) preserves Hermitian measures and in particular ZM(U)

as well as all Euclidean measures in particular Euclidean norms and angles between
vectors and between subspaces (in particular Kahler angles), it follows that ¢; =
IM(U) and |Y2| = /1 —A(U) =sind(U). In fact:

0 = Re(eq - (e1q1 + e2|Y2])) = Re(q1)
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i.e. ¢1 is purely imaginary; moreover
IM(U) =IM(E) =Im(er - (e1qr + e2[Yz2|)) =Im(q1) = ¢u,
ie. Y =ZM(U)ey + e2]Ys|. Finally imposing
1= Y| = (e1q1+ez2[Y2|)-(e1q1 +e2|Y2|) = gi(e1-e1)q1 +|Ya|*(e2-e2) = A(U)+[Y2[*
we have |Ya| = /1 — A(U). Then by B o A € Sp(n) we have carrier U to
W = spang(e1,e1ZM(U) + /1 — A(U)ez) = spang(e1,e1ZM(U) + sin §(U)ez)
]

We now study the orbit of the same 2-plane U C H™ under the action of the
group Sp(n) - Sp(1). We recall that the characteristic deviation §(U) is invariant
under a change of the hypercomplex basis in H" given by (i’,j’, k") = p(i, j, k)p~!
with p € Sp(1).

Let denote by G§ = {U ¢ GX(H"), | 6(U) = 6} the set of 2-plane in H" with
characteristic deviation equal to §.

Theorem 5.2. The characteristic deviation § determines completely the orbit of the
2-plane U C H" in the Grassmannian G5 (H"™) under the action of Sp(n) - Sp(1).

Proof. From Proposition (4.3), the group Sp(n)-Sp(1) preserves § then G3 2 [Sp(1)-
Sp(n)]-W. We prove the opposite inclusion. To this aim, let consider a pair of 2-planes
U1, Us such that 6(Uy) = §(Usz) = § whereas ZM(U;y) # ZM(Uz). We prove that
they belong to the same orbit. It is ZM(U;) = q(ZM(Usz))q by some quaternion
q that we can always assume to be unitary. We have seen that there exist some
A, A" € Sp(n) such that

AUy = W, = spang(ey,e1ZM(Uy) + sin6(Uy )es),
A" - Uy = Wy = spang(ey,e1ZM(Us) + sin §(Us)ez)).
Left multiplication by ¢ belongs to the group Sp(n) then, by go A’ € Sp(n),
(go A') - Uy = spang(gey, ge1ZM(Us) + sin §(Uz)gez).
and through the left multiplication by ¢ the conclusion follows. O

Conclusions

This article contains some of the results we have obtained so far in a research now in
progress aimed to determine the orbits in GHS(H”), 0 < k < 4n under the action of
the groups Sp(n) and Sp(n) - Sp(1). In particular here we consider G5 (H") i.e. the
real Grassmannian of 2-planes of the 4n-dimensional real vector space H" chosen as
model of all Hermitian quaternionic vector spaces. The full set of invariants for the
orbit of a 2-plane U C H" is given by ZM(U) in case we consider the action of Sp(n)
and by the characteristic deviation A(U) when the acting group is Sp(n) - Sp(1).
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In the next step we will consider the action of the same groups on the subset
of G¥(H") consisting of 2k-dimensional A-complex subspaces YA € S(Q) and 0 <
2k < 4n that is the subset of all complex subspaces by some compatible complex

structure.

Finally, still considering the action of the groups Sp(n) and Sp(n) - Sp(1), we
intend to determine the full set of invariants for the orbit of a generic subspace of
H". For this reason we decided to include for completeness in this article, besides the
results related to the 2-planes, also some definitions, like the characteristic deviation
of a k-dimensional subspace of H"”, the I-complex characteristic angle, etc .. , basic
notions and some results that will be used in the following articles.
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ORBITY W RZECZYWISTYM GRASSMANNIANIE 2-PLASZCZYZN
POD DZIALANIEM GRUP Sp(n) ORAZ Sp(n) - Sp(1)

Streszczenie

Naturalne dzialanie grupy unitarnej U(n) w przestrzeni C" indukuje jej dzialanie na
rozmaitosci Grassmanna Gy (C™) zlozonej z k-wymiarowych podprzestrzeni rzeczywistych
przestrzeni C". W pracy wyznaczamy kompletny niezmiennik dla podprzestrzeni rzeczy-
wistej wymiaru 2 ze wzgledu na dzialanie grup Sp(n) oraz Sp(n) - Sp(1) — grup auto-
morfizméw rzeczywistej przestrzeni wektorowej wyposazonej odpowiednio w hermitowska
strukture hiperzespolona i hermitowska strukture kwaternionowsg. Wprowadzamy miare
urojong i charakterystyczna dewiacje 2-plaszczyzny i dowodzimy, ze charakteryzuja one
kompletnie orbity w 2-plaszczyznie w G (H™) odpowiednio przy dzialaniu grup Sp(n) oraz
Sp(n) - Sp(1)

Stowa kluczowe: hermitowska struktura kwaternionowa, katy pryncypalne, katy Kéhlera,
grupy Sp(n), grupy Sp(n) - Sp(1)
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