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WHEN IS AN ASYMMETRIC TRUNCATED HANKEL
OPERATOR EQUAL TO THE ZERO OPERATOR?

Summary

In this paper we introduce the class of asymmetric truncated Hankel operators. We then
describe symbols of those asymmetric truncated Hankel operators which are equal to the
zero operator.
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1. Introduction

Let H? denote the space of functions analytic in the unit disk D = {z : |2| < 1}
and such that their Maclaurin coefficients are square summable. The Hardy space
H? can be identified via boundary values with the closed linear span of the analytic
polynomials in L? := L?(0D). Additionally, let P denote the orthogonal projection
from L? onto H?.

Let « € H® = H? N L* be such that |a| = 1 a.e. on dD. Then « is called an
inner function. The corresponding model space K, is defined by

K, = H?>© aH?.

Since K, is a closed subspace of H?, the point evaluation functional f +— f(w) is
bounded on K, for every w € D. Moreover,

f(w) = <f7 k$>’
where the reproducing kernel £ is given by

1—
ko(z) = %, w, z € D.

[69]
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Since each k{; is bounded in z, the set K3° = K, N H* is dense in K,.

For the last ten years the class of compressions of classical Toeplitz operators to
model spaces has been extensively studied (see [9] for more references). Recall that
for ¢ € L the classical Toeplitz operator T, is defined on H 2 by

T,f=P (¢f)-
If ¢ € L?, then the above definition gives a densely defined operator. It is known
that T, is bounded if and only if ¢ € L*.
A truncated Toeplitz operator (TTO) AZ with symbol ¢ € L? is the compression
of T, to the model space K,. More precisely,

AQf =Palef), [feKT,
where P, is the orthogonal projection from L? onto K. The operator Ag is densely
defined but, unlike Ty, it can be bounded for an unbounded symbol ¢.
The study of truncated Toeplitz operators began in 2007 with D. Sarason’s pa-
per [11]. Recently, the authors in [4] and [5, 6] introduced a more general class of
operators, the so-called asymmetric truncated Toeplitz operators.

Let «, 8 be two inner functions and let ¢ € L?. An asymmetric truncated Toeplitz
operator (ATTO) Ag’ﬁ is the operator from K, into Kz defined by

AP f = Pslof), fe KT

Closely related to Toeplitz operators are Hankel operators on H?. A Hankel
operator H,, ¢ € L, can be defined on H? by

Hof = J(I = P)(¢f),
where J is the | flip” operator given by

Jf(z) =7f(), |z[=1
For ¢ € L? this definition produces a densely defined operator. Truncated versions
of Hankel operators were introduced by C. Gu in [2]. Here we begin the study of
asymmetric truncated Hankel operators.

Let a, 8 be two inner functions. An asymmetric truncated Hankel operator
(ATHO) Bgﬁ with symbol ¢ € L? is the operator from K, into Kz defined by

Byl f = PsJ(I - P)(ef), feKS
Let
H(o, B) ={B3": ¢ € L? and B3 is bounded},
and respectively H(a) = H(a, o).

It is known that the classical Toeplitz operator is uniquely determined by its
symbol. In other words, T, = 0 if and only if ¢ = 0. This is not the case for TTO’s
and ATTO’s. Namely, A% = 0 if and only if ¢ € aH? + aH? [11] and A% = 0 if
and only if p € aH? + BH? [10]. As for Hankel operators, H, = 0 if and only if
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¢ € H?. By the result of C. Gu [2], Bg =0 if and only if ¢ € H? + aa# H?, where
a”(z) = a(z). In this paper we show that Bg’ﬁ =0 if and only if ¢ € H? + afB# H?,
where 87 (z) = B(Z).

Note that if 4 is an inner function, then so is 8#. Moreover, the operator J# :
L? — L2

TFf(z) = [F(2) = [2), |2l =1,
is an antilinear isometric involution on L? (an operator with these properties is called
a conjugation) and it preserves H2. Furthermore, the conjugation J# transforms K,
onto K, [7, Lem. 4.4]. Another conjugation on L?, one that is associated with an
inner function «, can be defined by

Caf(z) = a(z)zf(z)> |Z‘ =1
It is easy to verify that C, is an involutive isometry which preserves K, (see [11,
Subsection 2.3]).
Before we proceed, a short remark about the definition of ATHO’s is in order.
Some authors (see for example [1, 3]) define a THO as the operator I'S : K, — 2Ko
as follows

Fgf:PE(@f)v feKcoxoa
where Py is the orthogonal projection from L? onto 2K, = {zf: f € K,}. So an
ATHO could also be defined as the operator from K, into 2K given by

L2 f = Pyof), [ eKS.
However, if Fg’ﬁ is as above, then Jl"g’f@ acts from K, into K% and for each f € K2°,
g € K35 (note that if g € Kg#, then Jg € zKp),

(Ir8P1.9) = (Pslef), Jg) = (1= P)ef), Jg) = (BZ* f.9).
Thus I‘f‘p”@ = JBg*ﬁ# and, in particular,
re = JBee”.

These two definitions are therefore equivalent.

2. The symbols of zero ATHO’s

Theorem 2.1. Let «, 8 be two nonconstant inner functions and let BS’*B Ky — Kp
be a bounded asymmetric truncated Hankel operator with o € L?. Then Bg’ﬂ =0 if

and only if p € H? + aB# H2, where 3% (2) = B(Z).
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We first prove the following.
Proposition 2.2. Let «, 8 be two nonconstant inner functions with «(0) = 5(0) =0

and let Bg’ﬁ : Ko — Kg be a bounded asymmetric truncated Hankel operator with
p € L2. Then Bg’ﬂ =0 if and only if p € H?® + af# H2, where 7 () = B(Z).

Proof. We first prove that if ¢ € H? + af#H?2, then BS’B = 0. Clearly, BS’B =0
whenever ¢ € H2. Moreover, Bg’ﬁ = 0 also for ¢ € af#H?2. Indeed, if ¢ = afS#1),
Y € H?, then for f € K, g € K,
a,f _ a,p _ —
(Be1,9) = (BL_f.g) = (aBFuf,Jg) = (J(aBFiS).g)
— (za*Bu*[F,g) = (825 a*u¥, f#) = (aFu# - Cag, #) =0,

since a#)# - Cgg € a® H? and f# € K .

Note that this part of the proof did not use the assumption that «(0) = 5(0) = 0.

For the converse assume that B;"ﬁ =0,p¢€ L% Let ¢ € K,p# be such that
¢ — 1 € H? + af#H?2. More precisely, 1) = P,z#[(I — P)¢g]. By the first part of the
proof BY# = B%’ﬁ = 0. Note that a(0)3%(0) = 0, and so 1(0) = 0. To complete the
proof we show that ¢ = 0. Since Cok§ = 2(2) ¢ K, we have

z

0= BYCak = PoJ (- ) = Po(w¥aF) = Pos# (via) = J# Pou (a0)).

Hence Py (azp) — 0, which means that & LK 5+ and 1 LaK g#. Since ¢ € Koz =

Ko ® aKgs, we get that ¢ € K. It can be easily verified that (B%ﬁ) = B%‘.
From this,

0= B%kg = P,J(¥#) = Po(30),
and ¥ must be a constant function. But ¢(0) =0, so ¢ = 0. O

Similarly to the proof of [10, Thm. 2.1], the proof of Theorem 2.1 will use the
Crofoot transform. For an inner function o and w € D the Crofoot transform is the
multiplication operator JS given by

V1= [w]?
Jo =t . 1
810 = Yo 70 (1)
The operator Jg is a unitary operator from K, onto K, , where

ayw(2) =

1 —wa(z)

() = ()" -

(the details can be found in [8] or [11]).

w — a(z)

Moreover,
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-1
It was proved in [2] that B € H(«) if and only if ijB(ij) € H(ow).

Lemma 2.3. Let «, 8 be two inner functions. Let a,b € D and let the functions ag, By
and the operators J, Jf be defined as in (2) and (1), respectively. If B is a bounded

-1
linear operator from K, into Kg, then B € H(a, ) if and only if J[fB(Jg‘) €

-1
H(wa, B). Moreover, if B = B, then JfB(Jg) = B3 with

1 —aa)(1 — bB#

s (a0 —b®)
VI JaP /1P
Proof. Assume first that B = Bg’ﬁ € H(a, B) with ¢ € L2. Then, for f € K, g€
KOO

Bv?

3)

(7B (72) 1) = (B (52) 1.9 ) = (Beoage . i)

= (Pad (1= P)(p- T2 ). 30 g) = (o Jae £, 0T 9)
1-b3

(

(

<@'J5“faW)>
_ <¢.J§vaf,<]#(\/1%> .Jg>

{

{

1|62
_ [/_1=aa_ . 1-b8* _ [ poaBs >
17‘01‘2 \/17“)'2 ¥ f"]g> <B¢ fvg ’
where
1—aa)(1l —bp#
5o (Lm0 —bit)
VI JaP /T [P
Hence

-1
JfBgﬁ (Jg) — Bgmﬂb7

with ¢ as in (3).
Assume now that B is a bounded linear operator from K, into Kz such that

-1
JfB(J;) = B3 € H(aa, ).
From the first part of the proof and the fact that (o) = a, (Bs)s = B,
-1 -1
B=JppB(se) |(se)  =B2”

with
(1 —aa,)(1 - b5f)

Y I eI P

"¢
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(note that B# denotes J#3,). A simple calculation shows that
(1 —aa)(1 — bB#)

VI TP/ ¢

o=
(|

Proof of Theorem 2.1. The proof of the fact that Bgﬁ =0 for ¢ € H? + af#H?
was already given in the the first part of the proof of Proposition 2.2.

Assume now that BY# = 0 with ¢ € L% If a(0) = 8(0) = 0, then ¢ € H? +
aff# H? by Proposition 2.2.

If «(0) # 0 or 8(0) # 0, then put a = a(0), b = B(0) and define oy, By as in (2).
By Lemma 2.3,

-1
0=J B () = By,

where
(1 —aa)(1 — bB#)
V1= lal?y/1—[b?
Since a,(0) = 0 and £,(0) = 0, Proposition 2.2 implies that ¢ € H? + ozanEH2 and
(1 —aa)(1—bp#)
V1= lal?y/1— b2
for some hy,hy € H? (as before, ,BZ# = J#f3,). Hence, on the unit circle,

_ /1—[al2y /16 ht VISR gom EJTQ

. o
Y = ([A—aa)(1-bp%) (I—aa)(1-6p#) 1-aa 1-bs#

= VIREVIRE | q YEIEVERE ) ¢ g2 QBRI

(I—aa)(1—bB%) (I—aa)(1—bB#)

o=

¢ = ¢ =hi+ a.Bf ha

O
Corollary 2.4. If B € H(«a,3), then there exists ¢ € K,g# such that B = B%’ﬁ.

#
If ¢ is one such function, then the most general one is x = ¢ + ¢ - kgB , with ¢ a
scalar.

Proof. Let B € H(a, ), B = Bgﬁ, ¢ € L?. By Theorem 2.1,
a,B a,B
ByP = BE ,
with ¢ = P,g#(®). Since
K0P =1~ a(0)5#(0)aB® € H? + afFH?,
we clearly have

BE’B — Ba»ﬁ
v ¢+ckgﬁ#
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for each complex number c. Moreover, if ¢, x € K,g# and B%ﬁ = B%ﬁ, theny — x €

H? + af# H?. Hence there are functions hy, hy € H? such that 1 — x = hy + aB#hs.
From this A1 must be a constant and

¢ —x=c+afFhy
for some complex number c. Thus

a #
% — X = Pag (¥ — X) = Pag(c+afhy) = c- k57"
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Presented by Andrzej Luczak at the Session of the Mathematical-Physical Commis-
sion of the L4dz Society of Sciences and Arts on November 27, 2017.

KIEDY ASYMETRYCZNY OBCIETY OPERATOR HANKELA
ROWNY JEST OPERATOROWI ZEROWEMU?

Streszczenie

W niniejszej pracy definiujemy klase asymetrycznych obcietych operatoréw Hankela.
Nastepnie opisujemy symbole tych asymetrycznych obcietych operatoréw Hankela, ktére
réwne sa operatorowi zerowemu.

Stowa kluczowe: przestrzen modelowa, obciety operator Toeplitza, obciety operator Hankela,

asymetryczny obcigty operator Hankela



