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Summary

In the present paper we are concerned with some estimates for coefficients of analytic
functions w(z) = Y77, cn2" defined on the unit disc satisfying |w(z)| < 1. Our results are
based on commonly known Schur’s theorem [J. Reine Angew. Math. 147 (1917), 205-232].
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1. Introduction

Let A stand for the open unit disc in the complex plane C and denote by B the class
of all analytic functions w : A — A. It is well-known that each function w € B is
uniquely determined by coefficients of its power series expansion, i.e.

w(z) = chz”, z €A, (1.1)
n=0

for some ¢,, € C, n € Zy. Here as well as in the whole paper Z, :={n € Z: p < n}
and Zy q :={n € Z: p < n < g} for any fixed p,q € Z, where Z stands for the set of
all integer numbers.

Properties of the class B are widely used in complex analysis, therefore it is thor-
oughly investigated. There are whole books devoted to bounded analytic functions
(e.g. [2]). In particular, such functions play an important role in the theory of planar
harmonic mappings (see e.g. [1]). In fact, our researches of this topic (see [4],[5],[3])
gave us motivation to study properties of bounded analytic functions and led us to
several remarks, which are the main results of this paper.
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Since we focus on the coefficients of a function w € B, we start with recalling one
of the most interesting results in this area, commonly known as Schur’s theorem [7]
(see also [6]).

Theorem 1.1. For a function w analytic in A with the power series expansion (1.1),
the following conditions are equivalent:

1) we B;

2) for oll N € Zg and for all Ao, ..., An € C we have

N 2 N
Z cnfk)\n < Z |)\k|2
k=0

n=k
Note, that if we fix N € Zy and apply Theorem 1.1 with A\; = 0 for i € Zo y_1
and Ay = 1 we immediately obtain the following classical result (usually derived
from the Parseval-Gutzmer formula) known as Gutzmer’s inequality:

N

D

k=0

N
D e’ < 1. (1.2)
k=0

2. First remark

Our first aim is to improve the inequality (1.2) by more careful and tricky use of
Theorem 1.1.

Theorem 2.1. Ifw € B then

N N—1
> erl* < 1= eof? (1 = |ck|2> (2.1)
k=0 k=0

for any fixed N € 7.

Proof. For a function w € B and any fixed N € Z; the inequality (2.1) trivially holds
in the case when |¢o| = 1. Otherwise, by applying Theorem 1.1 with \g =z, A; =0
for i = Zy y—1 and Ay = €', where z > 0 and 6 € R, we have
N-1
lzco + ene'®|? + Z lere®®|? < 2?4+ 1.
k=0
Choosing @ so that |xcy + cye®| = |zco| + |ene®|, the above inequality takes the
form
N-1
(ol + [ene])? + Y lewe™? < a® +1,
k=0
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which can be rewritten as
2 |collen] |CO| |CN|2 2
_(1—|co|)(:c—1|co|2 PE +Z\c| ~-1<0

for all « > 0, since |¢y| < 1. This implies

|C°‘ lenl” +Z|c 2-1<0,

1—Jeo?

which after suitable rearrangement completes the proof.

Remark 2.2. Observe that one can rewrite (2.1) as

N-1
lenl? < (1 = leof?) (1 - |Ckl2> :
k=0
It immediately follows the known inequality
len| <1 = Jeol*

for all N € Z,.
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(2.3)

By repeated use of Theorem 2.1 we can deduce another interesting improvement

of Gutzmer’s inequality (1.2).
Corollary 2.3. If w € B then

Z|Ck| (1 — leol )(1—|CO|2N)-

for any fixred N € Zg.
Proof. The proof follows by induction from Theorem 2.1.

O

Remark 2.4. The inequality given in Corollary 2.3 immediately implies the follow-

ing estimate
jen? < (1= Jeo*) (1 — leo[*™)

for all N € Z,, which is an improvement of inequality (2.3).

3. Second remark

Using Theorem 1.1 in another way leads to the following result.

Theorem 3.1. Ifw € B then

N-1

Z YN—-kCk

k=0
for a fited N € N, vy := 0 and any numbers v, € C, k € Z1 n.

N-1
<leol[ya| 4+ 4| (N —1) (Z YNk = YN —k—1]? = |Co|2|71|2>
k=0
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Proof. Setting A, := yn—r — YN—k—1 for k € Zy n—1 we have
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N—-1 N—-1 N—1 N-1 [N-1
EECED I DI DY Ci—kAj
k=0 k=0 j=k k=0 \ j=k
N-2 [N—
= CcoAN_1 + Z Z Cj— k)\ .
Hence, by applying the triangle inequality we get

N-1 N—2|N-1

Z YN—kCk| < |coAN—1| + Z Ci—kAj
k=0 k=0 | j=k

2
N-2|N—1
|Co)\N—1| + C]_k)\]
k=0 | j=k
Using the Cauchy-Schwarz inequality we have
2 2

N—2|N-1 N-2|N-1

Cj—kAj < |(V-1) Cj—kAj
k=0 | j=k k=0 | j=k

N-1|N—-1
= (N — 1) C]_k)\j |CO)\N—1|2
\ k=0 | j=k

This followed by application of Theorem 1.1 (Schur’s theorem) yields

N-1

k=0

Z VN—kCk

<leoAn—1]+ 4| (N —1) (

N-1

Z|)\k|2_

k=0

|CO)\N12)7

which, in view of the definition of Ax, k € Zo y_1, completes the proof.

Corollary 3.2. Ifw € B and w(0) =0 then

for a fixed N € N.

Ck SN—].
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Proof. By applying the inequality given in Theorem 3.1 with vg := 0, 7% := k for
k € Zi n—1 and vy := yn—1 together with the identity cy = 0 we obtain

N-1 N-1 N-1
STV = Ker| = | STV = k)er| < | (V=1 3 Iy — awvmi
k=1 k=0 k=0
N-1
= YN—k —IN-k-1? =N — 1,
k=1
which is the desired result. O

Theorem 3.3. If w € B and w(0) = 0 then

n—1

S (= an—jei| < (n—an—
j=1
or a fited n € N and any numbers a; € R, j € Z1 1, such that as > a1 > 0 and
j ,
jaj+(j —2)aj_2 >2(j —1)aj_1, j € Zzn_1.
Proof.
Set A1 := a7 and

J
)‘j = j(lj - Zk)\j+1_k (31)
k=2

for j € Zpy—1. We firstly remark that standard calculations show the following
equations which are used in the later part of the proof:

(n—j)an—j Z FAn—jr1-k, (n—j) € Za, (3.2)
An = nay, — 2(n — 1)an,1 +(n—2)ap_2, nEZs, (3.3)

and
Z)‘J =na, — (n—1)a,—1, n € Zo. (3.4)

Now, by (3.2) we have

n— n—j
an]an jci = (/\JZTL j+1—k)e )
j=1 k=1

Observe, that by the assumptions and (3.3), A; > 0 for each j € Z; ,,_1. Hence using
the triangle inequality we obtain

n—1

> (= fan—jc; Z_: <>‘J

j=1

J

Zn JH+1—Fk)

n—
k=1
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By applying the inequality given in Corollary 3.2 with N :=n—j+1,j € Z1 5,1
we get
n—j
(n—j+1—=k)k| <n-—j
k=1

which yields

n—1

n—1
Y (= fan—jei| <D (n— )N,
Jj=1 1

<.
Il

Together with the equality

1

(n—7)A=m—1ap_1

n

<.
Il

which is proven by using (3.4), we complete the proof. O

Remark 3.4. Observe, that the inequalities given in Corollary 3.2 and Theorem 3.3
are sharp and the equality is attained e.g. for the identity mapping.
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PEWNE UWAGI ZWIAZANE Z TWIERDZENIEM SCHURA
DLA OGRANICZONYCH FUNKCJI ANALITYCZNYCH

Streszczenie

W niniejszej pracy zajmujemy sie oszacowaniami wspoélczynnikéw funkcji analitycznych
w(z) = 327, cnz™ okreslonych w kole jednostkowym, ktére spemiaja warunek |w(z)] < 1.
Prezentowane wyniki uzyskaliémy w oparciu o powszechnie znane twierdzenie Schura

[J. Reine Angew. Math. 147 (1917), 205-232].

Stowa kluczowe: ograniczone funkcje analityczne, oszacowania wspélczynnikéw, twierdzenie

Schura






