DOI: 10.26485,/0459-6854,/2017/67.2/8 PL ISSN 0459-6854

BULLETIN

DE LA SOCIETE DES SCIENCES ET DES LETTRES DE LODZ

2017 Vol. LXVII
Recherches sur les déformations no. 2
pp. 85-92

Jacek Dziok, Murugesan Kasthuri, Kaliappan Vijaya,
and Gangadharan Murugusundaramoorthy

COEFFICIENTS INEQUALITIES OF k'* ROOT
TRANSFORMATION FOR UNIVERSALLY PRESTARLIKE
FUNCTIONS

Summary

In the present paper, we consider the class of universally prestarlike functions of complex
order. The main result is the solution of the Fekete-Szegd problem for k*" root transforma-
tion of functions from the defined class.
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1. Introduction

Let H(Q) denote the set of all analytic functions defined in a domain Q. For domain
Q containing the origin Ho(Q2) stands for the set of all functions f € H(Q) with
f(0) = 1. We also use the notation H;(Q2) = {zf : f € Ho(Q2)}. In the special case
when (2 is the open disk

U={zeC:|z| <1},

we use the abbreviation 3, Hy and H; respectively for H(£2), Ho(2) and H;(Q).
A function f € H; is called starlike of order o with (o < 1) satisfying the

inequality
()
?R(Jc(z)>>a, (z € )

and the set of all such functions is denoted by 8.
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The Hadamard product (or convolution) of two functions f, g € H of the form

flz)= Z anz” and g(z) = anz"
n=0 n=0
is defined as -
(fx9)(2) =) anbpz" (2 €U).
n=0
A function f € H;(Q) is called prestarlike of order « if
z
A= * f(2) € 84.
The set of all such functions is denoted by R,,.
The notion of prestarlike functions has been extended, from the unit disk to other
disk or half planes containing the origin, by Ruscheweyh et al. [10]-[12].
Let Q be one such disk or half plane. Then there are two unique parameters
v € C\{0} and p € [0, 1] such that Q@ = Q, , := w, ,(U), where
vz
T (z € ).
Note that 1 ¢ Q, , if and only if |y + p| < 1.
Definition 1. [10]-[12] Let oo < 1 and Q = Q. , for some admissible pair (v, p). A
function f € H1(Q) is called prestarlike of order « in ) if
1
fro = 5 (fowy,p) € Ra.

The set of all such functions f is denoted by R, ().

Wy, p(2) =

Let

f: b duft) /1
= k = R = tkd t R
8(2) o = /0 1—tz ak 0 av

where p(t) is a probability measure on [0,1]. By 7" we denote the set of all such
functions § which are analytic in the slit domain A = C\[1,00) (the slit being along
the positive real axis).

Definition 2. [12] Let a < 1. A function f is called universally prestarlike of order
a if f is prestarlike of order « in all sets Q, , with |y 4+ p| < 1. The set of all such
functions is denoted by RY.

An analytic function f is subordinate to an analytic function g, written f(z) <
g(z), provided that there is an analytic function w € 3 with w(0) = 0 and |w(z)| < 1
satisfying

f(z) =g(w(z))  (2€D).
In 1970 Robertson [13] introduced the concept of quasi-subordination. An analytic
function f(z) is quasi-subordinate to an analytic function g(z) in U if there exist
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functions ¢, w € H with w(0) = 0, such that |¢(z)| < 1, |w(z)| < 1 and

f(2) = (2)glw(z)] (2 €D).
Then we write f(z) <4 g(2).

If ¢(z) = 1, then the quasi-subordination reduces to the subordination. Also, if
w(z) = z then f(2) = ¢(z)g(z) and in this case we say that f(z) is majorized by
g(z) and it is written as f(z) << g(z). Hence it is obvious that quasi-subordination
is the generalization of subordination as well as majorization.

Motivated by Ruscheweyh et al. [12] (see also [14]) we define the following class
of functions.

Definition 3. Let a < 1,7 # 0, ¢ € H,. We denote by Ry, _ (¢) the class of functions
f € H1(A) such that D?~22f(2)70 (» ¢ C\ {0}) and
| [0 ()
et A | 1 1
= R TR O

where
z

(D 1)) = =gz 1 (2):
In particular, by taking o = 3 we get the class 8*(a, @) := iR% (¢) which consists
of all analytic functions f € 3;(A) satisfying
2
[0 o
Moreover, if we put v = 1, then we get the class 8*(a, ¢) := RY(¢) of functions
f € H1(A) such that ’

D*f(z)
D' f(z)
Throughout this paper, let

QO(Z):Co+C1Z+C222+C'323+... (2 € V)

—1=<4¢(z) —1. (3)

and
¢(2) =1+ Brz+ Ba2® + Bz® + -+ (2 € 1),

where B,, € R, By > 0 and |C,,| < 1.
We also refer to [4], [8], [9].

2. Coefficient bounds for the function class R;, _(¢)

To prove our main result, we need the following lemma.
Lemma 1. [5] If w € K, with w(0) =0, |w(z)| <1 and
w(z) = w1z +we2® + ... (2 €U) (4)
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then
wy — twi| < max{1, ||},
for any complex number t. The result is sharp for the function w(z) = z or w(z) = 22.

The k** root transform of a function f € H given by
oo
fz)=2z+ Z anz" (z €U) (5)
n=2
is defined by

F(2) = [f(M)]F =24+ bpnsa 2™t (6)

Now we determine the Fekete-Szegd inequality |bogy1 — pubj 4| for f € R~ (0);
Theorem 2. Let f € Ry (¢) be of the form (5) and let F be defined by (6). Then

b — ub? < bl
| 2k+1 — M k+1| = %(3— 2a)

. {Bl —i—maX{Bl, o

(2—2a)—(H+u> (3 —20)

p1t + 1l | )

Proof. Let f € R . (¢). Then there exist two analytic functions w,¢ € ¥, with
w(0) =0, |w(z)] <1 and |p(z)| <1 such that

L0220 @) ) oy is(w(s)) —
L B —1| = elotu - 1. )

Thus we have

QO(Z)M)(M(Z)) — 1] = B1Cow1z + [BlClwl + Co {Blwz + ng%}] 22 + . (9)
and
1 D372 f(2) .1 - 22 B
v {DQ‘Qaf(Z) 1] o [ Azt Aoz Aozt (10)
where
A = [ (0, 2) — €, 2)]as, (11)
Ay = [¢/(a, 3) — €(a, 3)]as + [€(a, 2)as]? — [€(a, 2)€ (v, 2)]az? (12)
and
_ HZ:Q(k —2a) _ HZ:2(]€ + 1 —2a)

¢ (a,n)

(n—1)!

1
bn:/ t"du(t), n=23,4,..,
0
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and u(t) is a probability measure on [0,1]. Equating the coefficients of z and z

respectively and simplifying we have
az = vB1Cowy, (13)
i [Blclwl + Cy {Blw2 + [(2 — 20()’)/3%00 + Bg]w%}] (14)

4= (3 —2a)
For a function f given by (5), a simple computation shows that
1 1 1 (k-1
) =2 gt (o (Tt 09
2k+Lin view of (6) and (15), we get

Equating the coefficients of z**1 and z
besr = ~a (16)
k1 = 702
Lo 1 k=1\ ,
b2k+1 k 2( k2 )CLQ. (17)
Now, substituting the equations (13) and (14) in (16) and (17) we get
B;C
b1 = ’717k0w17 (18)
and
Y
b = —[B:C B, C C 2 —2a)—
2k+1 (3 —2a) [B1Crwy + B1Cows + Co {[( @)
(19)

! (H) (3 — za)] yBiCy + BQ} wﬂ .

2\ k

Next, for any complex number p

vB1
b b =
2k+1 — W41 k’(3 — 204) [01w1+

u) (3 - 2a)} VB\Ch — (?) } w12) co} |

k—1

—d_(2-2a)— [ 21—=
+ (wz { {( @) ( % +
(20)
Using the inequalities |w,| < 1 and |C,,| < 1, we have

|7|Bl
b b —1
I 2k+1 — M k+1| = k(?) ) [ +

E—1 B
+ |w — { [(22&) - <2k +u> (32&)] vB1Cy (Bi)}wlZ ] =

7| B1
k(3 —2a)

where o {(2 9a) - <kl + u) (3 — 201)} yB1Cy — <§?> .

[1 + ’wg — tw12H s

2k
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By applying the Lemma 1 we obtain

|7 B
|bok41 — pbi 4| < #(3—2a)

e mocn - 2o (2 ) -] (2)])].

Since,
B
w5 o me (3):
By
k— B
< _ - _ -2
<l - (5 i) 20| bip + B
we have
v| B
|baks1 — pbi | < k(|1)
k B
. [1 +max{1, ‘(2 —2a) — <2k +u> (3—2a)||v|B1 + B? }] .

For p =0, we get

s 2200 ("5 ) 62| it + 1l

which completes the proof. O

‘bg‘ |:B1+H18LX{B1,

In particular, from Theorem 2, we obtain the following two corollaries.

Corollary 3. Let f € qu (d)) be of the form (5) and let F be defined by (6). Then

k—

Corollary 4. Let f € Ry 1(¢) given by (5). Then

‘bgk.‘rl Mbk+1| < ;J [Bl —&—rnaX{Bl7 1

|bogs1 — pbjyq | <

1 1
|:Bl + max {Bh

(2_””_<ki; —%BﬂH.

By taking & = 1 in Theorem 2 and Corollary (4), we state the following two
results.

= kG- 20)

+u> (3 —2a)| B?

Corollary 5. Let f € Ry, (#) be of the form (5). Then

ag — paj| < [Br,max { By, [(2 — 2a) — (3 — 2a)| |7 B} + | B2|}] .

0
(3 —2a)
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Corollary 6. Let f € Ry, 1(¢) be of the form (5) and let F be defined by (6). Then

1

las — pa3| < B2 [By + max { By, |(2 — 2a) — u(3 — 20)| B + |Ba|}] -
Remark 7. Putting v = 1 in Corollary (3) we get the result obtained by Gurusamy
et. al [3]. By various choices of the function ¢ and suitably choosing the values of By
and Bs, we state some interesting results analogous to Theorem 2 and the Corollaries
3, 4, 5 and 6. In particular, we can consieder the function

1+ Az
with By = (A — B), By = —B(A — B).

(-1<B<A<L1),

Acknowledgement

The work is partially supported by the Centre for Innovation and Transfer of Natural
Sciences and Engineering Knowledge, University of Rzeszéw.

References

[1] J. Dziok, A general solution of the Fekete-Szegd problem, Bound. Value Probl. (2013),
2013:98.

[2] M. Fekete, G. Szego, Fine Bemerkung tiber ungerage schlichte Funktionen, J. London
Math. Soc. 8 (1933), 85-89.

[3] P. Gurusamy, J. Sokdt, S. Sivasubramanian, The Fekete-Szego functional associated
with k-th root transformation using quasi-subordination, Comptes Rendus Mathema-
tique 353 (2015), 617-622.

[4] Z. J. Jakubowski, K. Z. Zyskowska, On an estimate of a functional in the class of
holomorphic univalent functions, Math. Bohemica 118 (1993), 281-296.

[5] F. R. Koegh, E. P. Merkes, A Coefficient inequality for certain classes of analytic
functions, Proc. Amer. Math. Soc. 20 (1969), 8-12.

[6] V. Koepf, On the Fekete-Szegé problem for close-to-conver function, Proc. Amer.
Math. Soc. 101 (1987), 89-95.

[7] A.Pfluger, The Fekete-Szegé inequality for complex parameter, Complex. Var. Theory
Appl. 7 (1986), 149-160.

[8] S. Ruscheweyh, Convolutions in geometric function theory, Sem. Math. Sup. 83, Les
Presses del Université de Montreal, 1982.

[9] S. Ruscheweyh, Linear operators between classes of prestarlike functions, Comm.
Math. Helv. 52 (1977), 497-509.

[10] S. Ruscheweyh, Some properties of prestarlike and universally prestarlike functions,
J. Anal. 15 (2007), 247-254.

[11] S. Ruscheweyh, L. Salinas, Universally prestarlike functions as convolution multipli-
ers, Math. Z. 263 (2009), 607-617.



92 J. Dziok, M. Kasthuri, K. Vijaya, and G. Murugusundaramoorthy

[12] S. Ruscheweyh, L. Salinas, T. Sugawa, Completely monotone sequences and univer-
sally prestarlike functions, Israel J. Math. 171 (2009), 285-304.

[13] M. S. Robertson, Quasi-subordination and coefficient conjectures, Bulletin of the
American Mathematical Society 76 (1970), 1-9.

[14] T. N. Shanmugam, J. Lourthu Mary, Fekete-Szego inequality for universally prestar-
like functions, Fract. Calc. Appl. Anal. 13 (2010), 385-394.

Faculty of Mathematics and Natural Sciences
University of Rzeszéw

PL-35-310 Rzeszow

Poland

E-mail: jdziok@univ.rzeszow.pl

School of Science and Humanities

V I T University

Vellore-632014, T. N.

India

E-mail: gmsmoorthy@yahoo.com
kvavit@yahoo.co.in

Presented by Zbigniew Jakubowski at the Session of the Mathematical-Physical Com-
mission of the L4dz Society of Sciences and Arts on March 23, 2017.

NIEROWNOSCI WSPOLCZYNNIKOWE DLA K-SYMETRYCZNYCH
UNIWERSALNYCH FUNKCJI PREGWIAZDZISTYCH

Streszczenie

W pracy zdefiniowana zostala klasa uniwersalnych funkcji pregwiazdzistych o rzedzie
zespolonym. Gléwnym rezultatem jest rozwiazanie problemu Fekete-Szego dla k-symetrycz-
nych funkcji z rozwazanej klasy.

Stowa kluczowe: funkcje analityczne, uniwersalne funkcje pregwiazdziste, nieréwnosé¢ Fekete-

Szegd, quazi podporzadkowanie



