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Summary
A coefficient inequality related to the Fekete-Szegt-Goluzin problem in some subclass
of close-to-convex functions is shown.
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1. Introduction

To find for each A € [0, 1] the maximum value of the coefficient functional
BA(f) = |as — A}

over the class S of univalent functions f in the unit disk D := {z € C : |z| < 1}
of the form

(1.1) f(z) =2+ i anz", z€D,
n=2

is a well known problem having the source in the paper [5] by Fekete and Szego.
They considered the case A := (k—1)/(2k), k =2,3,..., however the case A € (0,1)
was first discussed and solved by Goluzin [6]. Particularly, recall that

1+2exp (—20/(1— X)), Aeo,1),

max 2A(f) :{ 1, A= 1.
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The problem to find maxser @5 (f) over compact subclasses F of the class A of
all analytic functions f in D of the form (1.1), as well as for A being an arbitrary
real or complex number, was studied by many authors (see e.g., [8], [12], [9], [10],
[15], [32], [28], [17], [13], [11], [16], [2]).

Let 8* denote the class of functions f € A such that
2f'(z)

f(z)
called starlike, and let S¢ denote the class of functions f € A such that
2f"(2)

f'(2)

Re >0, ze€D,

Re{1—|— }>0, z €D,

called convez. Clearly, S¢ & S*.
Given 0 € (—m/2,7/2) and g € §*, let Cs(g) denote the class of functions f € A

such that )
Re {eiézf (z)} >0, ze€D,
9(2)

called close-to-convexr with argument § with respect to g. For g € §* let

o= U Gl

de(—m/2,m/2)

be the class of functions called close-to-convex with respect to g. For 6 € (—n/2,7/2)
let

Coi= | Gilg), C5:= | Cs(h).

geS* heSe

c= |J Uaw

se(—m/2,m/2) gES*

Let

denote the class of close-to-conver functions (see [27, pp. 184-185], [14]), and let
c= U U csn.
6e(—7/2,m/2) heSe
In [15] Keogh and Merkes proved that

13— 4, AER\ (1/3,1),
max®y(f) = 1/3+4/0N), e [1/3,2/3],
Jeco 1, xe[2/3,1].

For A € [0,1] Koepf [17] extended the above result for the whole class C showing
that

r;lgg%(f) = ;rgg%(f)

In fact, the last result holds for all real \.
For the class C§ the Fekete-Szegé problem was considered by Abdel-Gawad and
Thomas [1]. For the whole class C¢ the computing was done by Srivastava, Mishra
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and Das [31]. Their results together with some remark of [22] can be written as
follow:

max(I),\(f):maxq)A(f):{ 5/3—-9X/4, A€][0,2/9],

fece fecs 2/3+1/(9\), X € [2/9,2/3],
and
b)
P < (0] <=, A€ (2/3,1].
e A(f)_?gg Af) S5 Ae(2/3]]
Given « € [0,1] let, for z € D,
z z
w(2) = ————, ho(2) = .
9a(2) (1—-az)? (2) 1—az

Clearly, g, € S* and h, € S§° for a € [0,1]. The corresponding classes C(g,) and
C(h) are defined, respectively, as: for § € (—n/2,7/2),

(1.2) Re {“(1—az)?f'(z)} >0, z€D,
and
(1.3) Re{e”(1—az)f'(2)} >0, zeD.
For the class C(g,) it was shown in [18] that
(1.4) [ Dnax ®x(f)
‘§+§a+a2—(1+a)2/\, Ne R\ (1(a), (),
= a? ((2 —3))° +1]1- )\|) + 2 X € [r(a), ()]
32— [2—3X)) 3’ P T2
where
. 2a 22+«
(1.5) () := 30+a) To(ar) := 301a)

The sharpness holds for each o € (0,1] and each A € R\ (2/3,72(«)) as well as for
o :=0 and each A € R.

As it is known, the Koebe function k := g1 (a := 1) is extremal for various
computational problems in the class S* of starlike functions. Moreover the class Co (k)
of functions called convex in the positive direction of the real axis plays an important
role as the subclass of functions convex in one direction defined by Robertson [30]
and it was intensively recently studied (see e.g., [3], [24], [4]). For the class C(k) the
Fekete-Szegd problem was separately considered in [19] where it was shown that

secmax a(f) = s ®x(f), A€R,

where
V4
ko) =775

is the odd close-to-convex function.

z €D,
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For the class C(h,,) it was shown in [21] that

(1.6) fgﬁbémﬁ
< QQ;_2++G+a)§_A, A€ R\ [r1(a), ma(@)],

(e s -a)) + 5 re @l

2a iy 24+a)
et YT 3ara
The sharpness holds for each « € (0,1] and each A € R\ (2/3,4/3), as well as for
o :=0 and each A € R.

As it is known, the function h := hy (o := 1) is extremal for computational
problems in the class S¢ of convex functions. For the first time the inequality (1.3)
with a = 1, treated as the univalence criterium, was distinguished explicitly in [27,
p. 185]. For the class C(h) the Fekete-Szegd problem was separately considered in [20]
where it was shown (1.6) for « = 1; particularly, it was proved that for A € [0,2/3],

max P,(f) =max®,(f) = %Z?C((I))\(f).

where

{(a) =

fec(h) fecs
For a := 0 the conditions (1.2) and (1.3) reduce to
(1.7) Re{e?f'(z)} >0, zeD.

Functions f having such a property are called of bounded turning with argument §
and form the class denoted usually as P’(4), and further the class P’ := C(go) of
functions called of bounded turning (cf. [7, Vol. I, p. 101]). On the other hand, the
condition (1.7) is known as a famous criterium of univalence due to Noshiro [26] and
Warschawski [33]. By setting a := 0 into (1.4) or (1.6) we get the following result
published, among other results, in [13, Theorem 2.3]: for A € [0,4/3],
2
d =-.
max Af) =3
In this paper we unify results recalled above for the classes C(g,) and C(h,) with
a € [0,1]. Given o, 8 € [0, 1], let
z
ga,ﬁ(z) = (1 — OéZ)(l — ﬁZ)’
Thus the class C(gq ) is defined as
Re {e(1 —az)(1 - Bz)f'(2)} >0, z€D.
Clearly, C(ga,a) = C(ga) and C(ga,0) = C(g0,o) = C(ha) for o € [0,1]. The class
C(ga,p) appeared in [23] and [25] as a generalization of convexity in one direction
(see [30]). In the main result we show the upper bound for the Fekete-Szego functional
for the class C(ga,p) generalizing (1.4) and (1.6).

z e D.
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2. Main result

Let P denote the class of analytic functions in D of the form

o0
(2.1) p(z) =1+ Z 2", z€eD,
n=1
having a positive real part in D. Let
1
L(z) := 1J_rz, z € D.

Lemma 2.1. (|25, pp. 41,46]) If p € P is of the form (2.1), then

(2.2) lenl <2, nEN,
and
(2.3) leo —c}/2| <2 —erf?/2.

Both inequalities are sharp. The equality in (2.2) holds for L and in (2.3) for
every function

(2.4) pro(z):=tL (eiez) +(1—-¢t)L (e2i022) =1+2te2+2%:24+ ..., 2eD,
where t € [0,1] and 6§ € R.

The details of the proof of the main theorem are almost exactly the same as of
Theorem 2.4 of [18]. Therefore here we present only a sketch of the proof. Similar

method of proof with all details of computing appeared in [21]. The main theorem
of the paper is

Theorem 2.2. Let o, € [0,1]. Then

(2 el V)
1 a®+ B2+ (a+ B)? 1- 35
_) ¢ 2
- éa2+ﬂ2+(a+ﬂ)2(12)\)

s )\ER\(Tl(OQﬁ)/TZ(OQB))

(a+p8)?(2-3)?% 2
122—-2-3A) ' 3

+(1+0¢+5)’§—)\

A € [Tl(a7 /6)772(04,6)];

where B 2o+ B) B 24+ ot )
’7'1(0[,5) = m, T2(O[7ﬁ) = m

For each «, 8 € [0,1], (e, B) # (0,0), and each A € R\ (2/3, M, 8)), where
o? + B? 2 }
(a+pB)? 24+a+p8]’

Mo, B) = % + imax{
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as well as for a = B := 0 and each X € R, the inequality is sharp and the equality is
attained by a function in Co(ga,g). In particular,
(i) when o, B € [0,1], (e, B) # (0,0), then for each X € [11(«, 5),2/3] the second

equality in (2.5) is attained by a function fo g4, 5, such that
bt o(2)

2.6 ! = —E eD

( ) fa,,@,taﬁ’/\(z) (1 — OéZ)(l — ﬂZ)’ z )

with fop.t. 5,(0) :=0 and
tapx = (a+ ) (1/(3X) = 1/2);

(ii) when a, B8 € [0,1], (o, B) # (0,0), then for each A € R\ (11(e, 8), Mav, B)) the
first equality in (2.5) is attained by the function fo p.1, given by (2.6) witht, g x =1,
i.e., when a, B € (0,1), a # B, by the function:

= (Y g —an - 8 g g
@7) fapal() = a—f <a(1 _a)l g(1 ) (1 —ﬁ)l g(l—f )>
2
_mlog(l—z), z€D, logl:=0;

when B :=1, «a € [0,1), by the function

1 1 1- 2
(+alog Z+ Z), z€ D, logl:=0;

(28) fa7171(2) .

when o :=1, B €[0,1), by the function fi151 := fz1,1; when 8:=0 and a € (0,1)
by the function

zl—a 11—« l—az 1-—2z

1 1
(2.9) fa01(z) = T—a < J;a log(1 — az) — 2log(1 — z)> , z€D, logl:=0;

when o =0 and § € (0,1) by the function fop1 = fgo,1; when B:=a € (0,1) by
the function
1 l—az 1+« z

2.1 .o = 1
( 0) f s ,l(z) (1-0&)2 0g
when 8 = « =1 by the Koebe function fi11:=k.

(iii) when B = «a := 0, then for each A € [0,4/3] the second equality in (2.5) is
attained by the function

— . D, logl:=0;
1—2 l—a 1—az’ zeD, log 0

1
(2.11) fo,00(2) == —z+log 1 i_ Z, z €D, logl:=0;

for each A € R\ (0,4/3) the first equality in (2.5) is attained by the function
(2.12) fo,01(2) = —2z—2log(l —2), ze€D, logl:=0.

Proof. Fix a, 8 € [0,1]. Observe that f € C(gq,p) if and only if for z € D,
(2.13) 2f'(2) = ¢ g, 5(2) (p(2) cos § + isind)
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for 6 € (—m/2,7/2) and p € P. For z € D we have
Jo,5(2) = 2 + (a4 B)22+ (> +af+ 522>+ ...

Setting the above series with the series (1.1) and (2.1) into (2.13) by comparing
coefficients we get

as = (cle_i‘S cosd + a + 6) ,
(2.14)

as =— (C2e_i‘S cosd + (a+ B)ere P cosd + o + af + ).

W= N =

Let A € R. By (2.14) and (2.3) we have

L o 2 1 2 1 C% —i§
<I>,\(f)=’3(a +aﬁ+5)—4(a+ﬁ))\+3(02—2>e cos

+ﬁ 1—§>\e*i‘scos6 e*i‘scos5+1( +5) 2—)\ e cosd
6 2 2\ 3 “

1 1 1 2
(2.15) <|z(@+af+ B ——(a+B)* A+ (2- ] cosd
3 4 3 2
|Cl|2 3 —is 1 2
1 — Q 1 — — 1
+ 5 2/\e cosd|cosd + 2(&4—6) 3 Al |e1|cosd

1 1
=50+ 8 +5@+B)y

where x := |c1|, y 1= cosd, v :=2— 3\ and
sy(y) = V1= (1=72/4)y2.

In view of (2.2), z € [0,2] and clearly, y € (0,1]. Set p := (a4 8)/2 and R :=
[0,2] x [0,1]. Thus u € [0,1] and with v € R define
FM,’Y(LE7 y) = (4 + xg(s’y(y) - 1) + 2,U,|’7|.’L') ya (:Evy) € R

Hence and by (2.15) we have

+ é (44 2%(sy(y) — 1) + (@ + B)|y|z) v,

1 1 1
2.16 ) <Zla?+p8%24= 2 - F, )
(2.16) somax A(f) < glo+87+ 2(a+ﬂ) v| + 5 (Jhax oy (T, 9)

Now for each i € [0,1] and v € R we find the maximum value of F), , on the rectangle
R. Since from now the computing is exactly identical as in [21] we demonstrate the
short sketch of the proof only.

In the corners of R we have

Fu1(0,0) = F,,(2,0) =0,
Fun(0,1) =4, Fuy(2,1) = 201+ 2p) .

For 2 := 0 and y € (0,1) we have a linear function and for z € (0,2) and y := 0
we have a constant function.

(2.17)
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For z € (0,2) and y := 1 we have a function
G (0) = Fug 1) = (13 = 1)+ 2o 4

which for |y| = 2 reduces to the linear function and for |y| # 2 has the unique critical
point at

2uly
Tr = 5 |7| =Ty € (0,2)
if and only if
2
2.18 0AND < < —.
(2.18) n# <17 p
Moreover
2//[/2,72
(2.19) @y 1) = Gpuy(@p,4) = m +4.

For z := 2 and y € (0,1) we have a function

Hy~(y) = Fu~(2,y) = 4ys, (y) +4plvly

which for |y| = 2 reduces to the linear function and for |y| # 2 has the unique critical
point at

yo A bV H8 )
2(4 =92 e
if and only if
2

2.20 <\ T
(2.20) M <y/q y
Moreover
(2.21) Fun(2,9p) = Huy ()

4— %+ phViety® +8

:\/ 2(4||v\2/)7( PR+ 3]).

Repeating exactly argumentation of [18, pp. 8-10] we show that for each p € [0, 1]
and each v € R the function F), , has no critical point in (0,2) x (0,1).

Summarizing, we conclude that the maximum value of F), , is attained on the
boundary of R. Taking into account (2.18) and (2.20), as in [18, p. 10] the following
cases hold. For || > 2/(1+ ) the maximum value of F), ., is attained in a corner of
R, namely,

(£§gRFu,v(x7y) = Fu~(2,1) =2(1 + 2p)|y/.

For \/2/(14 ) < |y] < 2/(14p) the maximum value of F), , is attained in (z, ., 1),
ie.,

(gf)iéR Fun(@,y) = Fluy (T, 1).
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For 0 < || < +/2/(1+ p) we compare all values (2.17), and by (2.19) and (2.21),
the values F), o(z,,~,1) and F), ,(2,y,,) and we show that the maximum value of
F,, ~ is attained in (z, ,1). The key of the computation is to show that

Fun(@pny 1) 2 Fuqy(2,Yp,4)-

Putting (2.19) and (2.21) into above, we get the inequality which is identical as the
inequality (2.42) of [18] and further the proof follows exactly as in [18, pp. 10-13]
(similar method of proof with all details can be found in [21]). Going back to (2.16)
with u = (a+ )/2 we conclude that the following inequality holds:

max ¢
f€C(ga,p) /\(f>
1 1 ! -
a2 824 = 2 —(1 S
BEL A5t B+ 3 tat Bl hlz o =7
- Ly, 2 2 (oz—l—ﬁ)Q'YQ 2
6|a + 8%+ (a+B) 7‘+12(2,|~y|)+3’ |7|_2+a+5

Setting v = 2 — 3\ the above result yields the inequality (2.5).

Now we discuss the sharpness of the result. Let a, 8 € [0,1], (o, 8) # (0,0).
Let A € [11(«, 8),2/3]. Then we consider the second inequality in (2.5) which after
simple computing is

(a+B)? 2-af
(2.22) pebex ) S T T

Let to g2 := (a+ B)(1/(3X) — 1/2). Since 71(e, 8) < A < 2/3,50 0 < ta5 < L.
Thus in view of (2.4), Ptasr,0 € P with 1 = 2t, 5\ and c = 2. Setting ¢ := 0 and
P = Pt 50,0 into (2.13) we get the function fu 5., ,, given by (2.6) for which, by
(2.14),

ag = togn + (a+5)/2=(a+5)/B3N),
(2.23) az = (24 2(a+ Btapr+ o +af+ B7)/3
=2(a+B)*/(92) + (2 — aB)/3,
and which makes the equality in (2.22).

Let now A € R\ (71(e, B), A(ev, B8)). Since A(«, B) > m2(a, ), we consider the
first inequality in (2.5) which, taking also into account that (o, 8) < 2/3, after
computing, is

2

2 1, ., 5 1 )
(2.24) feIcIl(E;iﬂ)(I)A(f)S §+§(a+ﬂ)+§(a +aB+p )71(2+a+5) Al

Setting ¢ := 0 and p := L into (2.13) we get the function f, g1 given by (2.6) with
tapx = 1 and with the coefficients as and ag given by (2.23), which makes the
equality in (2.24). In particular, the function f, g1 is one of the form (2.7)-(2.10).

Let o = 5 := 0. For A € [11(0,0),72(0,0)] = [0,4/3] the inequality (2.5) reduces
to

max P = max o <
s A(f) max A(f) <

[SCI )
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Setting ¢ := 0 and by (2.4), p := pgo into (2.13) we get the function (2.11) with
az = 0 and a3 = 2/3, which makes the equality above. For A € R\ (0,4/3) the
inequality (2.5) reduces to

max Py (f) = max P, (f) < ‘; -

f€C(g0,0) fepr’
Setting 0 := 0 and by (2.4), p := L into (2.13) we get the function (2.12) with ag =1
and az = 2/3, which makes the equality above. O

Remark 2.3. Let 8 := o € (0,1]. Then by (1.5) we have
2 2 1 1
)\(a70z) = g + gmax {2, ]M} = TQ(O{),
so (2.5) with sharpness reduces to (1.4) (Theorem 2.4 of [18]). Let f := 0 and

a € (0,1]. Then
2 2 2 4
Aa,0) =2+ 2 - ==
(a, 0) 3+3max{,2+a} 3

so (2.5) with sharpness reduces to (1.6) (Theorem 2.4 of [21]).
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O PEWNEJ NIEROWNOSCI DLA WSPOLCZYNNIKOW
W PODKLASIE FUNKCJI PRAWIE WYPUKLYCH

Streszczenie

Dla «, 8 € [0,1] niech go,5(2) := 2//(1 — a2z)(1 — Bz)), z€ D:={2 € C:|z| < 1}.
Funkcja analityczna unormowana f : D — C nazywna jest prawie wypuktqg wzgledem funkcji
Ja,8, jesli dla pewnego 6 € (—7//2,7//2) zachodzi nieréwnosé

Re {eié%} >0, zeD.
o,

Dla klasy C(ga,s) funkcji prawie wypuklych wzgledem funkcji go,s badany jest problem
Fekete-Szegd-Guluzina.

Stowa kluczowe: nieréwnosci wspotczynnikowe, funkcje prawie wypuktle, problem Fekete-
Szegt-Goluzina



