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Summary
The conformal transformations play crucial role in the analysis of global structure of the

physical space-time. This paper shows some geometrical and physical objects which describe
the space-time. There are also given transformation laws for them under conformal rescaling
of the metric. The main goal of this article is to check which geometrical and physical objects
are invariants under the conformal rescaling of the metric and to present the consequences
of the conformal transformation of the metric like creation of the energy and momentum
for the gravitional field or creation of the matter.
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1. The information about the actual mathematical model
of the physical space-time

The theory of relativity stated by Albert Einstein concerns the structure of the space-
time. It consists of the special theory of relativity (SR) and the general theory of
relativity (GR). The former theory is valid for inertial reference frames and does not
take into account the gravitation. In the later one there are described events in the
non-inertial reference frames, so it means that the gravity is taken into consideration.
Both of them give some mathematical model of the physical space-time. This model
is called shortly the space-time. It is defined as a set of all possible physical events.
According to GR the space-time is a 4-dimentional connected manifold M4 of the
class C∞, with the Hausdorff topology, orientable, having Lorentzian structure, non-
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extendable and time-oriented. The metric tensor of that space-time satisfies the
Einstein equations.

Definition 1. The conformal rescaling or the conformal transformation of the met-
ric g on the Riemannian manifold (pseudoriemannian, Lorentzian) is the following
transformation (in the established coordinates)

ĝab(x) = Ω2(x)gab(x),

where Ω(x) is a smooth and positive-definite function called the conformal factor.

Fact 1. Denote by gab components of the tensor (2, 0) which is inverse to the metric
tensor. Then we have

ĝab = Ω−2(x)gab.

Proof. From the definition we have gabgbd = δad , where

δad =

{
1 if a = d,

0 if a 6= d.

The symbol δad is Kronecker’s delta or the unit tensor. Because

ĝbd = Ω2gbd

and

ĝbdĝ
ab = Ω2gbdΩ

xgab = δad ,

so to preserve the equality x must be equal −2. �

Fact 2. The length of a vector changes under the conformal rescalling of the metric
but the ratio of vectors is preserved.

Proof. The length of the vector in the metric gab is given by the formula∥∥~v∥∥ =
√

(~v,~v) =
√
gikvivk.

In the new metric ĝab it has the following form∥∥∥~̂v∥∥∥ =
√
ĝikvivk =

√
Ω2gikvivk = Ω

∥∥~v∥∥.
Therefore the ratio of the vectors is not changed.∥∥∥~̂u∥∥∥∥∥∥~̂v∥∥∥ =

∥∥∥~u∥∥∥∥∥∥~v∥∥∥ . �

Fact 3. The angle between two vectors is an invariant of conformal rescaling of the
metric.
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Proof. We calculate the angle between two vectors following the formula

cos (~u,~v) =
~u · ~v∥∥~u∥∥∥∥~v∥∥ .

Then in the new metric it has the form
cos (~̂u, ~̂v) =

~̂u·~̂v∥∥∥~̂u∥∥∥∥∥∥~̂v∥∥∥ = Ω2~u·~v
Ω2
∥∥∥~u∥∥∥∥∥∥~v∥∥∥ = ~u·~v∥∥∥~u∥∥∥∥∥∥~v∥∥∥ . �

The facts 2 and 3 justify the name “the conformal transformation” or “the con-
formal rescaling of the metric” from the definition 1.

Fact 4. The line element changes under conformal rescaling of the metric as follows

dŝ2 = Ω2(x)ds2.

Proof. The line element is given by the formula

ds2 = gikdx
idxk.

After conformal rescaling of the metric the line element has the form
dŝ2 = ĝik(x)dxidxk = Ω2(x)gik(x)dxidxk = Ω2(x)ds2. �

2. Selected geometrical aspects of conformal
transformations

Definition 2. Affine connection (in other words Christoffel symbols of the second
kind or Christoffel’s connection) is defined as [2, 5] :

Γabc =
1

2
gae
(
∂gbe
∂xc

+
∂gce
∂xb

− ∂gbc
∂xe

)
=

1

2
gae(gbe,c + gce,b − gbc,e).

Affine connection is an geometrical object, which permits us parallel transport
of vectors and tensors on a manifold and develop tensor analysis on it.

Fact 5. Christoffel symbols change under the conformal transformation of the metric
as follows

Γ̂abc = Γabc + P abc,

where P abc = Ω−1(δabΩ,c + δacΩ,b − gaegbcΩ,e).

Proof. In the proof below we will write the Christoffel symbols in the new gauge and
use the transformation law for the metric tensor.
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Γ̂abc =
1

2
ĝae (ĝbe,c + ĝce,b − ĝbc,e)

=
1

2
Ω−2gae

[
(Ω2gbe),c + (Ω2gce),b − (Ω2gbc),e

]
=

1

2
Ω−2gae

(
2ΩΩ,cgbe + Ω2gbe,c + 2ΩΩ,bgce + Ω2gce,b − 2ΩΩ,egbc − Ω2gbc,e

)
=

1

2
gae(gbe,c + gce,b − gbc,e) + Ω−1gae (Ω,cgbe + Ω,bgce − Ω,egbc)

=
1

2
gae(gbe,c + gce,b − gbc,e) + Ω−1(δabΩ,c + δacΩ,b − gaegbcΩ,e)

= Γabc + P abc.

If Ω(x) = const, then Γ̂abc = Γabc. �

Definition 3. Covariant derivative is defined as [4, 1] :

∇ivk := ∂iv
k + Γkicv

c,

for the contravariant vector field i.e. for the tensor of type (1, 0) and

∇ivk := ∂ivk − Γcikvc

for the covariant vector field (covector or the 1-form or the tensor of type (0, 1)).

Fact 6. Covariant derivative changes under the conformal transformation of the
metric in the following way:

∇̂ivk := ∇ivk + P kicv
c,

and
∇̂ivk := ∇ivk − P cikvc,

where
P cik = Ω−1(δciΩ,k + δckΩ,i − gikgceΩ,e).

Proof. Writing down the covariant derivative in the new gauge in accordance with
the definition 3 and developing it we get

∇̂ivk = ∂iv
k + Γ̂kicv

c = ∂iv
k + Γkicv

c + P kicv
c = ∇ivk + P kicv

c

∇̂ivk = ∇ivk ⇐⇒ Ω(x) = const,

∇̂ivk = ∂ivk − Γ̂cikvc = ∂iv
k − Γcikvc − P cikvc = ∇ivk − P cikvc

∇̂ivk = ∇ivk ⇐⇒ Ω(x) = const. �
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Fact 7. Conformal transformation preserves the metricity of the connection.

Proof.

∇̂cĝab = ∂cĝab − Γ̂dacĝdb − Γ̂dbcĝad

=
(
Ω2gab

)
,c
−
(
Γdac + P dac

)
Ω2gdb −

(
Γdbc + P dbc

)
Ω2gad

= Ω2
,cgab + Ω2gab,c − ΓdacΩ

2gdb − ΓdbcΩ
2gad − P dacΩ2gdb − P dbcΩ2gad.

Because gab,c − Γdacgdb − Γdbcgad = 0 so we obtain

∇̂cĝab = Ω2
,cgab − P dacΩ2gdb − P dbcΩ2gad

= 2ΩΩ,cgab − Ω−1
(
δdaΩ,c + δdcΩ,a − gacgdeΩ,e

)
Ω2gdb

− Ω−1
(
δdbΩ,c + δdcΩ,b − gbcgdeΩ,e

)
Ω2gad

= 2ΩΩ,cgab − Ω (gabΩ,c + gcbΩ,a − gacΩ,b)
− Ω (gabΩ,c + gacΩ,b − gbcΩ,a) = 0.

Hence the metricity of the connection is preserved. �

Definition 4. A geodesic is a curve on a Riemannian manifold (pseudoremannian
or Lorentzian) which gives the extremum of the distance between any two neighbour-
ing points [1]. Such a curve is a generalization of a straight line and satisfies the
equations in so-called affine parameter u

d2xi

du2
+ Γikl

dxk

du

dxl

du
= 0.

Fact 8. Under the conformal rescaling of the metric, the equations of the geodesic
develop as follows

d2xi

du2
+ Γ̂ikl

dxk

du

dxl

du
= P ikl

dxk

du

dxl

du
.

Proof. In the proof below we start with the equation of the geodesic

d2xi

du2
+ Γikl

dxk

du

dxl

du
= 0.

Then we use the Christoffel symbol after the conformal rescaling of the metric

Γ̂ikl = Γikl + P ikl.

Replacing Γikl by the expression Γ̂ikl − P ikl in the initial equation we obtain
d2xi

du2 +
(

Γ̂ikl − P ikl
)
dxk

du
dxl

du = 0. �

As we can see it is not the equation of the geodesic Γ̂ikl, except the case of
Ω(x) = const.
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Generally one gets

d2xi

du2
+ Γ̂ikl

dxk

du

dxl

du
= Ω−1(δikΩ,l + δilΩ,k − gklgieΩ,e)

dxk

du

dxl

du

= Ω−1

[
Ω,k

dxi

du

dxk

du
+ Ω,k

dxk

du

dxi

du
− gkl

dxk

du

dxl

du
gieΩ,e

]
.

If the geodesic was isotropic, then

gkl
dxk

du

dxl

du
= 0,

and hence
d2xi

du2
+ Γ̂ikl

dxk

du

dxl

du
=

(
2Ω−1Ω,k

dxk

du

)
dxi

du
= h(u)

dxi

du
.

This is an equation of the geodesic line with non-affine parameter u. Then we have

Fact 9. Under the conformal transformation of the metric only the null geodesics
are preserved, but the affine parameter loses its affine character.

However we can introduce a new parameter λ = λ(u) on these lines, which will
be affine. Namely we have

Fact 10. The new parameter λ defined by the equation
dλ

du
= cΩ2,

where c = const, is an affine parameter.

Proof.
d2xi

du2
+ Γ̂ikl

dxk

du

dxl

du
= h(u)

dxi

du
,

where

h(u) = 2Ω−1Ω,k
dxk

du
.

Lets write xi = xi [λ(u)] .

Then
dxi

du
=
dxi

dλ

dλ

du
,

dxi

du2
=

d

du

(
dxi

dλ

dλ

du

)
=
d2xi

dλ2

(
dλ

du

)2

+
dxi

dλ

d2λ

du2
.

Replacing dxi

du2 by the above expression in the initial equation we obtain

d2xi

dλ2

(
dλ

du

)2

+
dxi

dλ

d2λ

du2
+ Γ̂ikl

dxk

dλ

dxl

dλ

(
dλ

du

)2

= h(u)
dxi

dλ

dλ

du
,
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or (
d2xi

dλ2
+ Γ̂ikl

dxk

dλ

dxl

dλ

)(
dλ

du

)2

= h(u))
dxi

dλ

dλ

du
− d2λ

du2

dxi

dλ
.(1)

The right side of the equation will be zero iff

h(u)
dλ

du
− d2λ

du2
= 0

or

2Ω−1Ω,k
dxk

du

dλ

du
− d2λ

du2
= 0.(2)

On the other hand, if we differentiate

dλ

du
= cΩ2

then we have
d2λ

du2
= 2cΩΩ,k

dxk

du
.

Putting d2λ
du2 into the equation (2) we obtain (reminding that dλ

du = cΩ2)

2Ω−1Ω,k
dxk

du

dλ

du
− 2cΩΩ,k

dxk

du
= 0,

and the equations (1) take the form

d2xi

dλ2
+ Γ̂ikl

dxk

dλ

dxc

dλ
= 0.

Therefore the new parameter λ which satisfies the equation

dλ

du
= cΩ2,

where c = const, is the affine parameter. �

Definition 5. The curvature tensor (the Riemann-Christoffel tensor or the Rie-
mann tensor) is defined as follows [1]

Ra.bcd = Γabd,c − Γabc,d + Γanc · Γnbd − Γand · Γnbc.

The curvature tensor is the tensor of type (1, 3) and its components are defined
by the metric tensor and its derivatives. It is a basic tool used in the differential
geometry bacause it is a measure of the local curvature. Lets notice that for a
flat manifold the Christoffel’s symbols are not already equal zero in the curvilinear
coordinates but the curvature tensor Ra.bcd is equal zero.

Fact 11. The Riemann curvature changes under the conformal transformation of
the metric as follows
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R̂a.bcd =Ra.bcd +
Ω2

2
(δa[cΩd]b − gb[cΩad])

=Ra.bcd +
Ω2

4
(δacΩdb − δadΩcb − gbcΩa.d − gbdΩa.c).

Proof. The idea of our proof is to show that the both sides of the equation are equal.
From the definition we have

R̂a.bcd = Γ̂abd,c − Γ̂abc,d + Γ̂anc · Γ̂nbd − Γ̂and · Γ̂nbc
= Γabd,c + P abd,c − Γabc,d − P abc,d + (Γanc + P anc) · (Γnbd + Pnbd)

− (Γand + P and) · (Γnbc + Pnbc)

= Γabd,c + P abd,c − Γabc,d − P abc,d + Γanc · Γnbd + Γanc · Pnbd + P anc · Γnbd
+ P anc · Pnbd − Γand · Γnbc − Γand · Pnbc − P and · Γnbc − P and · Pnbc

= (Γabd,c − Γabc,d + Γanc · Γnbd − Γand · Γnbc) + (P abd,c − P abc,d)
+ (Γanc · Pnbd + P anc · Γnbd + P anc · Pnbd − Γand · Pnbc − P and · Γnbc − P and · Pnbc)

= Ra.bcd + (P abd,c − P abc,d + Γanc · Pnbd + P anc · Γnbd + P anc · Pnbd − Γand · Pnbc
− P and · Γnbc − P and · Pnbc),

where
Ra.bcd = Γabd,c − Γabc,d + Γanc · Γnbd − Γand · Γnbc.

To make easier further calculations we will divide the equation into three parts. Lets
denote

I1 = Γanc · Pnbd + P anc · Γnbd − Γand · Pnbc − P and · Γnbc,

I2 = P anc · Pnbd − P and · Pnbc,

I3 = P abd,c − P abc,d.

Then we compute I1, I2 and I3.

I1 = Ω−1[Γanc(δ
n
b Ω,d + δndΩ,b − gnegbdΩ,e) + Γnbd(δ

a
nΩ,c + δacΩ,n − gaegncΩ,e)

− Γand(δ
n
b Ω,c + δnc Ω,b − gnegbcΩ,e)− Γnbc(δ

a
nΩ,d + δadΩ,n − gaegndΩ,e)]

= Ω−1[ΓabcΩ,d + ΓacdΩ,b − Γancg
negbdΩ,e + ΓabdΩ,c + Γnbdδ

a
cΩ,n − Γnbdg

aegncΩ,e

− ΓabdΩ,c − ΓacdΩ,b + Γandg
negbcΩ,e − ΓabcΩ,d − Γnbcδ

a
dΩ,n + Γnbcg

aegndΩ,e]

= Ω−1(Γnbdδ
a
cΩ,n − Γancg

negbdΩ,e − Γnbdg
aegncΩ,e)

+ Ω−1(Γandg
negbcΩ,e − Γnbcδ

a
dΩ,n + Γnbcg

aegndΩ,e),
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I2 = Ω−2(δanΩ,c + δacΩ,n − gaegncΩ,e)(δnb Ω,d + δndΩ,b − gnfgbdΩ,f )

− Ω−2(δanΩ,d + δadΩ,n − gaegndΩ,e)(δnb Ω,c + δnc Ω,b − gnfgbcΩ,f )

= Ω−2(δanΩ,cδ
n
b Ω,d + δanΩ,cδ

n
dΩ,b − δanΩ,cg

negbdΩ,e + δacΩ,nδ
n
b Ω,d

+ δacΩ,nδ
n
dΩ,b − δacΩ,ng

negbdΩ,e − gaegncΩ,eδnb Ω,d − gaegncΩ,eδndΩ,b

+ gaegncΩ,eg
nfgbdΩ,f − δanΩ,dδ

n
b Ω,c − δanΩ,dδ

n
c Ωb + δanΩ,dg

negbcΩ,e

− δadΩ,nδ
n
b Ω,c − δadΩ,nδ

n
c Ω,b + δadΩ,ng

negbcΩ,e + gaegndΩ,eδ
n
b Ω,c

+ gaegndΩ,eδ
n
c Ω,b − gaegndΩ,egnfgbcΩ,f )

= Ω−2(δabΩ,cΩ,d + δadΩ,cΩ,b − gaegbdΩ,cΩ,e + δacΩ,bΩ,d + δacΩ,dΩ,b

− δacΩ,ng
negbdΩ,e − gaegbcΩ,eΩ,d − gaegdcΩ,eΩ,b + gaeδfc gbdΩ,fΩ,e − δabΩ,dΩ,c

− δacΩ,dΩ,b + gaeΩ,dgbcΩ,e − δadΩ,bΩ,c − δadΩ,cΩ,b + δadΩ,ng
negbcΩ,e

+ gaegbdΩ,eΩ,c + gaegcdΩ,eΩ,b − gaeδfdΩ,fΩ,egbc)

= Ω−2(δacΩ,bΩ,d − δacΩ,ng
negbdΩ,e − δadΩ,cΩ,b + δadΩ,ng

negbcΩ,e

+ gaegbdΩ,eΩ,c − gaegbcΩ,dΩ,e),

I3 = Ω−1(δabΩ,d + δadΩ,b − gaegbdΩ,e),c − Ω−1(δabΩ,c + δacΩ,b − gaegbcΩ,e),d
= Ω−1(δabΩ,dc + δadΩ,bc − gae,c gbdΩ,e − gaegbd,cΩ,e − gaegbdΩ,ec)
− Ω−1(δabΩ,cd + δacΩ,bd − gae,d gbcΩ,e − gaegbc,dΩ,e − gaegbcΩed)
+ Ω−1

,c (δabΩ,d + δadΩ,b − gaegbdΩ,e)− Ω−1
,d (δabΩ,c + δacΩ,b − gaegbcΩ,e)

= Ω−1(δabΩ,cd + δadΩ,bc − gae,c gbdΩ,e − gaegbd,cΩ,e − gaegbdΩ,ec)
− Ω−1(δabΩ,cd + δacΩ,bd − gae,d gbcΩ,e − gaegbc,dΩ,e − gaegbcΩ,ed)

− Ω,c
Ω2

(δabΩ,d + δadΩ,b − gaegbdΩ,e) +
Ω,d
Ω2

(δabΩ,c + δacΩ,b − gaegbcΩ,e)

= Ω−1(δadΩ,bc − gae,c gbdΩ,e − gaegbd,cΩ,e − gaegbdΩ,ec − δacΩ,bd + gae,d gbcΩ,e

+ gaegbc,dΩ,e + gaegbcΩ,ed)−
Ω,c
Ω2

(δabΩ,d + δadΩ,b − gaegbdΩ,e)

+
Ω,d
Ω2

(δabΩ,c + δacΩ,b − gaegbcΩ,e).

Summing I1, I2 and I3 we obtain

Ω−1(Γnbdδ
a
cΩ,n − Γancg

negbdΩ,e − Γnbdg
aegncΩ,e + Γandg

negbcΩ,e − Γnbcδ
a
dΩ,n

+ Γnbcg
aegndΩ,e + δadΩ,bc − gae,c gbdΩ,e − gaegbd,cΩ,e − gaegbdΩ,ec − δacΩ,bd

+ gae,d gbcΩ,e + gaegbc,dΩ,e + gaegbcΩ,ed)

+ Ω−2(δacΩ,bΩ,d − δacΩ,ng
negbdΩ,e − δadΩ,cΩ,b + δadΩ,ng

negbcΩ,e

+ gaegbdΩ,eΩ,c − gaegbcΩ,dΩ,e − δabΩ,cΩ,d − δadΩ,cΩ,b + gaegbdΩ,cΩ,e

+ δabΩ,dΩ,c + δacΩ,dΩ,b − gaegbcΩ,dΩ,e).

Using the equations gbd,c = Γnbcgnd + Γndcgbn and gbc,d = Γnbdgnc + Γncdgbn we obtain

Ω−1(gbc,dg
aeΩ,e − gbd,cgaeΩ,e − Γnbdg

aegncΩ,e + Γnbcg
aegndΩ,e) = 0.
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Lets take the equation

gae ;c = gae ,c + Γancg
ne + Γencg

an,

and

gae ;d = gae ,d + Γandg
ne + Γendg

an,

then the formula reduces as follows

Ω−1(Γnbdδ
a
cΩ,n + Γencg

angbdΩ,e − Γnbcδ
a
dΩ,n + δadΩ,bc − δacΩ,bd − gaegbdΩ,ec

+ gaegbcΩ,ed − Γendg
angbcΩ,e)

+ Ω−2(2δacΩ,dΩ,b − 2δadΩ,bΩ,c + 2gaeΩ,egbdΩ,c + δadgbcg
neΩ,nΩ,e

− 2gaegbcΩ,eΩ,d − δac gnegbdΩ,nΩ,e).

After extending the right side of the initial equation we get the following form

Ra.bcd +
Ω2

2

(
δa[cΩd]b − gb[cΩa.d]

)
= Ra.bcd +

Ω2

2

[
1

2
(δacΩdb − δadΩcb)−

1

2
(gbcΩ

a
.d − gbdΩa.c)

]
= Ra.bcd +

Ω2

4
(δacΩdb − δadΩcb − gbcΩa.d + gbdΩ

a
.c ).

Lets denote by I4 the expression

Ω2

4
(δacΩdb − δadΩcb − gbcΩa.d + gbdΩ

a
.c ).

Putting into

Ωdb = gadΩ
a
.b

= gad

[
4
(
Ω−1

) (
Ω−1

)
;be
gae − 2

(
Ω−1

)
,p

(
Ω−1

)
,t
gptδab

]
= 4

(
Ω−1

) (
Ω−1

)
;be
gadg

ae − 2
(
Ω−1

)
,p

(
Ω−1

)
,t
gadg

ptδab

= 4
(
Ω−1

) (
Ω−1

)
;bd
− 2

(
Ω−1

)
,p

(
Ω−1

)
,t
gbdg

pt,

and developing in a similar way Ωcb, Ωa.d and Ωa.c we have

I4 =
Ω2

4

(
−4δacΩ,bd

Ω3
+

8δacΩ,bΩ,d
Ω4

+
4δacΓebdΩ,e

Ω3
− 4δacΩ,pΩ,tg

ptgdb
Ω4

)
+

Ω2

4

(
4δadΩ,bc

Ω3
− 8δadΩ,bΩ,c

Ω4
− 4δadΓebcΩ,e

Ω3
+

4δadΩ,pΩ,tg
ptgbc

Ω4

)
+

Ω2

4

(
4Ω,deg

aegbc
Ω3

− 8Ω,dΩ,eg
aegbc

Ω4
−

4ΓpdeΩ,pgbcg
ae

Ω3

)
− Ω2

4

(
4Ω,ceg

aegbd
Ω3

− 8Ω,cΩ,eg
aegbd

Ω4
− 4ΓnceΩ,ngbdg

ae

Ω3

)
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= Ω−1(−δacΩ,bd + δacΓebdΩ,e + δadΩ,bc − δadΓebcΩ,e + Ω,deg
aegbc

− ΓpdeΩ,pgbcg
ae − Ω,cegbdg

ae + ΓnceΩ,ngbdg
ae)

+ Ω−2(2δacΩ,bΩ,d − δacΩ,pΩ,tg
ptgbd − 2δadΩ,bΩ,c

+ δadΩ,pΩ,tg
ptgbc − 2Ω,dΩ,eg

aegbc + 2Ω,cΩ,egbdg
ae).

After changing some of the indexes we finally obtain that the left side of the previous
equation equals the right side.

= Ω−1(−δacΩ,bd + δacΓnbdΩ,n + δadΩ,bc − δadΓnbcΩ,n + Ω,deg
aegbc

− ΓednΩ,egbcg
an − Ω,cegbdg

ae + ΓecnΩ,egbdg
an)

+ Ω−2(2δacΩ,bΩ,d − δacΩ,nΩ,eg
negbd − 2δadΩ,bΩ,c

+ δadΩ,nΩ,eg
negbc − 2Ω,dΩ,eg

aegbc + 2Ω,cΩ,egbdg
ae).

If Ω(x) = const, then R̂a.bcd = Ra.bcd. �

Definition 6. The Ricci tensor is defined as [2]

Rb.g = R.bg = gacR.b..a.cg = Rcb....cg.

Fact 12. The Ricci tensor changes under the conformal transformation of the metric
as follows

R̂bg = Ω−2Rbg +
Ωb.g
2

+
δbg
4

Ωa.a.

Proof. In the proof we are using the transformation laws for the curvature tensor
and for the metric tensor.

R̂b.g = ĝalR̂b.agl = Ω−2gal
[
Rb.agl +

Ω2

4

(
δbgΩla − gagΩb.l − δblΩga + galΩ

b
.g

)]
= Ω−2Rb.g +

1

4

(
δbgΩ

a
.a − δlgΩb.l − gabΩga + δaaΩb.g

)
= Ω−2Rb.g +

1

4

(
δbgΩ

a
.a − Ωb.g − Ωb.g + 4Ωb.g

)
= Ω−2Rb.g +

Ωb.g
2

+
δbgΩ

a
.a

4
.

After lowering the upper index we obtain the form of the Ricci tensor as below

R̂ag = ĝabR̂
b
.g = Ω2gabΩ

−2Rbg + Ω2gab
Ωb.g
2

+ Ω2gab
δbgΩ

a
a

4

= Rag +
Ω2

2
Ωag +

Ω2

4
gabδ

b
gΩ

a
.a

= Rag +
Ω2

2
Ωag +

Ω2

4
gagΩ

a
.a.

If Ω(x) = const, then R̂bg = Ω−2Rbg and R̂ag = Rag. �
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Definition 7. The curvature scalar we define as follows [2]

R := gabRab = Rb.b.

Fact 13. The curvature scalar changes under the conformal transformation of the
metric in the following way

R̂ = Ω−2R+
3

2
Ωa.a.

Proof. One has
R = Ri.i

In our proof we are using the transformation law for the Ricci tensor.

R̂ = R̂i.i = Ω−2Ri.i +
Ωi.i
2

+
δii
4

Ωa.a

= Ω−2Ri.i +
Ωi.i
2

+
4

4
Ωa.a

= Ω−2Ri.i +
3

2
Ωa.a.

If Ω(x) = const, then R̂ = Ω−2R. �

Definition 8. The Weyl tensor is defined as [1]

Cabcd : = Rabcd +
1

2
(gadRcb − gacRdb + gbcRda − gbdRca)

+
1

6
R (gacgdb − gadgcb ).

In GR the Weyl tensor describes the free gravitational field, i.e. the gravitational
field independent of matter.

Fact 14. The Weyl tensor of the conformal curvature Ce.bcd is an invariant of the
conformal transformation

Ĉa.bcd = Ca.bcd.

Proof. Using the formula for Cabcd we calculate at first the Weyl tensor Ca.bcd.

Cabcd : = Rabcd +
1

2
(gadRcb − gacRdb + gbcRda − gbdRca)

+
1

6
R (gacgdb − gadgcb ).
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Ce.bcd = gaeCabcd

= gaeRabcd +
1

2
gae (gadRcb − gacRdb + gbcRda − gbdRca)

+
1

6
gaeR (gacgdb − gadgcb)

= Re.bcd +
1

2
(δedRcb − δecRdb + gbcR

e
.d − gbdRe.c)

+
1

6
R (δecgdb − δedgcb ).

After the conformal rescaling of the metric one has

Ĉa.bcd = R̂a.bcd +
1

2

(
δadR̂cb − δac R̂db + ĝbcR̂

a
.d − ĝbdR̂a.c

)
+

1

6
R̂ (δac ĝdb − δad ĝcb)

= Ra.bcd +
Ω2

4
(δacΩdb − δadΩcb − gbcΩa.d + gbdΩ

a
.c)

+
1

2
δad

[
Rcb +

Ω2

2

(
Ωcb +

gcb
2

Ωe.e

)]
− 1

2
δac

[
Rdb +

Ω2

2

(
Ωdb +

gdb
2

Ωe.e

)]
+

1

2
Ω2gbc

(
Ω−2Ra.d +

Ωa.d
2

+
δad
4

Ωe.e

)
− 1

2
Ω2gbd

(
Ω−2Ra.c +

Ωa.c
2

+
δac
4

Ωe.e

)
+

1

6

(
Ω−2R+

3

2
Ωe.e

)(
δacΩ2gbd − δadΩ2gcb

)
= Ra.bcd +

Ω2

4
(δacΩdb − δadΩcb − gbcΩa.d + gbdΩ

a
.c)

+
1

2

(
δadRcb +

Ω2

2
δadΩcb +

Ω2

4
gcbδ

a
dΩe.e − δacRdb −

Ω2

2
δacΩdb −

Ω2

4
δac gdbΩ

e
.e

)
+

1

2

(
gbcR

a
.d +

Ω2

2
gbcΩ

a
.d +

Ω2

4
gbcδ

a
dΩe.e − gbdRa.c −

Ω2

2
gbdΩ

a
.c −

Ω2

4
δac gbdΩ

e
.e

)
+

1

6
R (δac gbd − δadgcb) +

1

4
δacΩ2gbdΩ

e
.e −

1

4
δadΩ2gcbΩ

e
.e

= Ra.bcd +
1

2
(δadRcb − δacRdb + gbcR

a
.d − gbdRa.c) +

1

6
R (δac gdb − δadgcb)

= Ca.bcd.

If we change the location of the indexes in the Weyl tensor, then the above
invariance is missed, e.g. Ĉab..cd = ĝbeĈa.ecd = Ω−2gbeCa.ecd = Ω−2Cabcd . �

Definition 9. The Einstein equations (in the other words the field equations in GR
or the equations of the gravitational field) have the following form [1]

G.ki. = κT .ki. ,

where κ := 8πG
c4 .

If we use the geometrized units G = c = 1, then κ = 8π and the Einstein’s
equation has the simpler form G.ki. = 8πT .ki. . The left side of the equation represents
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the geometry of the space-time. On the other hand the right side describes matter
and energy which fills the space-time. The Einstein’s equation can be summarized
as:
the distribution of the matter and the energy in the space-time determines its local
geometry.
The tensor G.ki. has the following structure

G.ki. = R.ki. −
1

2
δki R,

and it is called the Einstein tensor. Raising or lowering one of the indexes we obtain
the Einstein tensor in the covariant or contravariant form.

Gik = Rik −
1

2
gikR,

Gik = Rik − 1

2
gikR.

Fact 15. The Einstein tensor changes under the conformal transformation of metric
in the following way

Ĝ.ki. = Ω−2G.ki. +
1

2

(
Ω.ki. − δki Ωa.a ).

Proof.

Ĝ.ki. = R̂.ki. −
1

2
δki R̂

= Ω−2R.ki. +
Ω.ki.
2

+
δki
4

Ωa.a −
1

2
δki

(
Ω−2R+

3

2
Ωa.a

)
= Ω−2R.ki. −

1

2
Ω−2δki R+

Ω.ki.
2

+
δki
4

Ωa.a −
3

4
δki Ωa.a

= Ω−2G.ki. +
Ω.ki.
2
− 1

2
δki Ωa.a

= Ω−2G.ki. +
1

2

(
Ω.ki. − δki Ωa.a ).

As we can see the Einstein tensor is not conformally invariant. �

3. Selected physical aspects of conformal transformations

In the previous chapter we have calculated the formula for the Einstein tensor under
the conformal rescaling of the metric. Now we will show the transformation law for
the right side of the Einstein equations, the matter tensor T .ki. , which is responsible
for the curvature of the space-time.
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Definition 10. The matter tensor of the macroscopic matter (the matter energy-
momentum tensor or the stress tonsor) we define as follows [1]

T .ki. = (ρ+ p)uiu
k − pδki ,

where ρ denotes a density of the matter and p pressure.

Fact 16. The matter tensor changes under the conformal transformation of the met-
ric in the following way

T̂ .ki. = Ω−4T .ki. .

Proof. In the proof we will use the formula for the conformal rescaling of the metric
gik and also the formula for mass of the matter contained in the volume element
d4Ω =

√
|g|d4x of 4-dimentional space-time, where g = det[gik]. Hence

M =
√
|g|ρd4x,

where ρ is proper density of matter. After the conformal rescaling of the metric
d4Ω transforms into d4Ω̂ =

√
|ĝ|d4x. The conformal rescaling of the metric does not

change the mass included in the volume element d4Ω. It changes only into its density
ρ→ ρ̂. As a consequence one has

M = ρ̂d4Ω̂ =
√
|ĝ|ρ̂d4x,

where M indicates the mass of the matter contained in the element
√
|ĝ|d4x.

Because this mass does not change under the conformal rescaling of the metric, we
can compare both values and hence we get√

|ĝ|ρ̂d4x =
√
|g|ρd4x.(3)

Using the formula for ĝ = Ω8g and putting the expression
√
|ĝ| = Ω4

√
|g| in (3)

we obtain the transformation law for the density of the matter under the conformal
rescaling of the metric.

Ω4
√
|g|ρ̂d4x =

√
|g|ρd4x

ρ̂ = Ω−4ρ.

Returning to the initial equation which describes the matter tensor and using
the transformtion formula for the density of the matter we obtain

T̂ .ki. = Ω−4ρuiu
k + p̂ûiû

k − p̂δki .

In order T̂ .ki. to be connected with T .ki. by the transformation rule T̂ .ki. = ΩxT .ki. ,
the pressure must change under the conformal rescaling of the metric following the
formula

p̂ = Ω−4p,

because
uiu

k = ûiû
k, δki = δ̂ki .
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If this condition is satisfied, then the transformation formula has the following form

T̂ .ki. = Ω−4T .ki.

Raising or lowering one of the indexes we obtain the other useful transformation
rules

T̂ ik = ĝilT̂ .ki. = Ω−6T ik

and T̂ik = ĝklT̂
.k
i. = Ω−2Tik. �

Fact 17. Einstein’s equations are not conformally invariant.

Proof. In the proof we use the formula for the Einstein tensor after the conformal
transformation of the metric, which we have proved in the Fact 15. Using the Ein-
stein’s equations in the metric gik and replacing the Einstein tensor by the matter
tensor we get

Ĝ.ki. = κΩ−2T .ki. +
1

2

(
Ω.ki. − δki Ωa.a ).(4)

Converting the relation between the matter tensor in the initial gauge and the new
one we obtain

T̂ .ki. = Ω−4T .ki. =⇒ T .ki. = Ω4T̂ .ki. .(5)

Replacing T .ki. in (4) by (5) one has

Ĝ.ki. = κΩ2T̂ .ki. +
1

2

(
Ω.ki. − δki Ωa.a

)
or

Ĝ.ki. = κΩ2T̂ .ki. + κT̃ .ki. ,

where T̃ .ki. = 1
κ

1
2

(
Ω.ki. − δki Ωa.a ). �

The final formula shows that Einstein’s equations are not conformally invariant,
i.e. we do not have the formula of the form Ĝ.ki. = κT̂ .ki. . As a consequence there is a
new additional matter described by the tensor T̃ .ki. , apart from the matter which had
already existed before, the conformal rescaling of the metric, and satisfied Einstein’s
equations G.ki. = κT .ki. .

This fact was used in the articles “An interesting property of the Friedman uni-
verses” [6], “On Energy of the Friedman Universes in Conformally Flat Coordinates”
[7] and “Superenergy, conformal transformations, and Friedman universes” [8] writ-
ten by J.Garecki. Namely, he used the conformal rescaling of the metric to create the
Friedman dust universes from the empty Minkowskian space-time. One should em-
phasize in this context that Friedman universes are actually the best mathematical
models of the real universe.

As a consequence of Einstein’s Equivalence Principle the gravitional field does
not have an energy-momentum tensor. It has only the energy-momentum pseu-
dotensors. One such pseudotensor is given in the book “Teoria pola” by L. Landau
i E.M. Lifshitz. It is described in the definition 11.
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Definition 11. The Landau-Lifshitz pseudotensor of the energy-momentum of the
gravitational field is defined as [1]

tik =
1

16π

(
2ΓnlmΓpnp − ΓnlpΓ

p
mn − ΓnlnΓpmp

) (
gilgkm − gikglm

)
+

1

16π
gilgmn

(
ΓklpΓ

p
mn + ΓkmnΓplp − ΓknpΓ

p
lm − ΓklmΓpnp

)
+

1

16π
gklgmn

(
ΓilpΓ

p
mn + ΓimnΓplp − ΓinpΓ

p
lm − ΓilmΓpnp

)
+

1

16π
glmgnp

(
ΓilnΓkmp − ΓilmΓknp ).

Fact 18. The Landau-Lifshitz pseudotensor of the energy-momentum of the gravita-
tional field changes under the conformal transformation of the metric in the following
way

t̂ik =
1

16π

(
2Γ̂nlmΓ̂pnp − Γ̂nlpΓ̂

p
mn − Γ̂nlnΓ̂pmp

) (
ĝilĝkm − ĝikĝlm

)
+

1

16π
ĝilĝmn

(
Γ̂klpΓ̂

p
mn + Γ̂kmnΓ̂plp − Γ̂knpΓ̂

p
lm − Γ̂klmΓ̂pnp

)
+

1

16π
ĝklĝmn

(
Γ̂ilpΓ̂

p
mn + Γ̂imnΓ̂plp − Γ̂inpΓ̂

p
lm − Γ̂ilmΓ̂pnp

)
+

1

16π
ĝlmĝnp

(
Γ̂ilnΓ̂kmp − Γ̂ilmΓ̂knp

)
= Ω−4tik + Ω−5 1

16π

(
Iik1 + Iik2

)
+ Ω−6 1

16π
Iik3 .

The analytical structures of Iik1 , Iik2 and Iik3 are given in the proof.

Proof.

t̂ik =
1

16π

(
2Γ̂nlmΓ̂pnp − Γ̂nlpΓ̂

p
mn − Γ̂nlnΓ̂pmp

) (
ĝilĝkm − ĝikĝlm

)
+

1

16π
ĝilĝmn

(
Γ̂klpΓ̂

p
mn + Γ̂kmnΓ̂plp − Γ̂knpΓ̂

p
lm − Γ̂klmΓ̂pnp

)
+

1

16π
ĝklĝmn

(
Γ̂ilpΓ̂

p
mn + Γ̂imnΓ̂plp − Γ̂inpΓ̂

p
lm − Γ̂ilmΓ̂pnp

)
+

1

16π
ĝlmĝnp

(
Γ̂ilnΓ̂kmp − Γ̂ilmΓ̂knp ).

Putting Γ̂nlm = Γnlm + Pnlm in the equation, where

Pnlm = Ω−1 (δnl Ω,m + δnmΩ,l − glmgneΩ,e)

and ĝmn = Ω−2gmn we obtain
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= Ω−4 1

16π

(
2ΓnlmΓpnp − ΓnlpΓ

p
mn − ΓnlnΓpmp

) (
gilgkm − gikglm

)
+ Ω−4 1

16π
gilgmn

(
ΓklpΓ

p
mn + ΓkmnΓplp − ΓknpΓ

p
lm − ΓklmΓpnp

)
+ Ω−4 1

16π
gklgmn

(
ΓilpΓ

p
mn + ΓimnΓplp − ΓinpΓ

p
lm − ΓilmΓpnp

)
+ Ω−4 1

16π
glmgnp

(
ΓilnΓkmp − ΓilmΓknp

)
+ Ω−4 1

16π

(
2ΓnlmP

p
np + 2PnlmΓpnp − ΓnlpP

p
mn

) (
gilgkm − gikglm

)
− Ω−4 1

16π

(
PnlpΓ

p
mn + ΓnlnP

p
mp + PnlnΓpmp

) (
gilgkm − gikglm

)
+ Ω−4 1

16π
gilgmn

(
ΓklpP

p
mn + P klpΓ

p
mn + ΓkmnP

p
lp + P kmnΓplp

)
− Ω−4 1

16π
gilgmn

(
ΓknpP

p
lm + P knpΓ

p
lm − ΓklmP

p
np − P klmΓpnp

)
+ Ω−4 1

16π
gklgmn

(
ΓilpP

p
mn + P ilpΓ

p
mn + ΓimnP

p
lp + P imnΓplp

)
− Ω−4 1

16π
gklgmn

(
ΓinpP

p
lm + P inpΓ

p
lm + ΓilmP

p
np + P ilmΓpnp

)
+ Ω−4 1

16π
glmgnp

(
ΓilnP

k
mp + P ilnΓkmp − ΓilmP

k
np − P ilmΓknp

)
+ Ω−4 1

16π

(
2PnlmP

p
np − PnlpP pmn − PnlnP pmp

) (
gilgkm − gikglm

)
+ Ω−4 1

16π
gilgmn

(
P klpP

p
mn + P kmnP

p
lp − P

k
npP

p
lm − P

k
lmP

p
np

)
+ Ω−4 1

16π
gklgmn

(
P ilpP

p
mn + P imnP

p
lp − P

i
npP

p
lm − P

i
lmP

p
np

)
+ Ω−4 1

16π
glmgnp

(
P ilnP

k
mp − P ilmP knp ).

Hence the above equation we can write in the form

t̂ik = Ω−4tik + Ω−5 1

16π

(
Iik1 + Iik2

)
+ Ω−6 1

16π
Iik3 ,

where

Iik1 =
(

2ΓnlmP̃
p
np − ΓnlpP̃

p
mn − ΓnlnP̃

p
mp

) (
gilgkm − gikglm

)
+ gilgmn

(
ΓklpP̃

p
mn + ΓkmnP̃

p
lp − ΓknpP̃

p
lm − ΓklmP̃

p
np

)
+ gklgmn

(
ΓilpP̃

p
mn + ΓimnP̃

p
lp − ΓinpP̃

p
lm − ΓilmP̃

p
np

)
+ glmgnp

(
ΓilnP̃

k
mp − ΓilmP̃

k
np ),
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Iik2 =
(

2P̃nlmΓpnp − P̃nlpΓpmn − P̃nlnΓpmp

) (
gilgkm − gikglm

)
+ gilgmn

(
P̃ klpΓ

p
mn + P̃ kmnΓplp − P̃

k
npΓ

p
lm − P̃

k
lmΓpnp

)
+ gklgmn

(
P̃ ilpΓ

p
mn + P̃ imnΓplp − P̃

i
npΓ

p
lm − P̃

i
lmΓpnp

)
+ glmgnp

(
P̃ ilnΓkmp − P̃ ilmΓknp ),

Iik3 =
(

2P̃nlmP̃
p
np − P̃nlpP̃ pmn − P̃nlnP̃ pmp

) (
gilgkm − gikglm

)
+ gilgmn

(
P̃ klpP̃

p
mn + P̃ kmnP̃

p
lp − P̃

k
npP̃

p
lm − P̃

k
lmP̃

p
np

)
+ gklgmn

(
P̃ ilpP̃

p
mn + P̃ imnP̃

p
lp − P̃

i
npP̃

p
lm − P̃

i
lmP̃

p
np

)
+ glmgnp

(
P̃ ilnP̃

k
mp − P̃ ilmP̃ knp

)
and

P̃ pmn = (δpmΩ,n + δpnΩ,m − gmngpeΩ,e ).

As we can see, the structures of Iik1 , Iik2 and Iik3 are the same as the structure of tik

with the change ΓΓ→ ΓP in Iik1 , ΓΓ→ PΓ in Iik2 and ΓΓ→ PP in Iik3 . �

Conformal rescaling of the metric creates an additional energy and momentum
for the gravitation. It is represented by expressions with Ω−5 and Ω−6 in the trans-
formation law of the Landau-Lifshitz pseudotensor tik = tki.

4. Conclusion

• I have proved several transformation formulas for various geometrical objects
under the conformal rescaling of the metric on the Riemannian (or pseudorie-
mannian) manifold.

• Some of the formulas I have obtained have simpler form than the formulas
given in standard books. One can easily check this fact by comparing our
formulas with the ones given e.g. in “The Large Structure of Space-Time” by
S. Hawking and G. F. R. Ellis.

• The basic equations of the general theory of relativity the Einstein equations
are not conformally invariant. This fact means that there is a creation of the
new matter and there is also possibility of creation of the Friedman universes
from the vaccum.

• A new result of this paper is the transformation law for the Landau-Lifshitz
pseudotensor of the energy-momentum of the gravitational field under con-
formal transformation of the metric. It is easily seen from this law that a
conformal rescaling of the metric creates an additional energy and momentum
for gravitation.
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NIEZMIENNIKI KONFOREMNEGO PRZESKALOWANIA
CZASOPRZESTRZENI – BADANIE OBEJMUJA̧CE
KONSEKWENCJE DLA METRYKI

S t r e s z c z e n i e

Transformacje konforemne odgrywaja̧ istotna̧ rolȩ w analizie globalnej struktury czaso-
przestrzeni. Głównym celem tego artykułu jest sprawdzenie, które z geometrycznych i fizy-
cznych obiektów sa̧ niezmiennikami konforemnego przeskalowania metryki oraz przedstaw-
ienie konsekwecji konforemnego przeskalowania metryki takich jak kreacja energii i pȩdu
dla pola grawitacyjnego oraz kreacja materii.

Słowa kluczowe: transformacja konforemna metryki, ogólna teoria wzglȩdności, rozmaitość
riemannowska pseudoriemmanowska, lorentzowska, czasoprzestrzeń, równania Einsteina,
pseudotensor energii-pȩdu Landaua-Lifszyca


