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Summary

A growing crystal can be understood as a series of polyhedra with faces parallel to planes
from a fixed finite set. Such series of polyhedra forms a curve, often broken line, in a vector
space of virtual polyhedra. In this paper we apply a modified Minkowski addition to study
geometry of a cone of all polyhedra with faces parallel the faces of regular octahedron.
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1. Introduction

A natural representation of a monocrystal is a convex polyhedron in R3. The family of
compact convex subsets in a topological vector spaces X was given a lot of attention,
e.g. [5, 3]. In particular, the family of compact convex sets with Minkowski addition
A+ B ={a+b|la € A, B € B} and multiplication by nonnegative number \A =
{Aa|a € A} is an abstract convex cone ordered by inclusion. Moreover, the order
law of cancellation, A+ B C B + C implies A C C', holds true.

Minkowski subtraction, A—B = {x € X |x + B C A}, enabled us to give in [1] the

formula A(u) = =2 A(t)—%=LA(s), s <t < u which represents the uniform growth

of a crystal.

In fact, a crystal of a specific chemical compound has finite number of possible faces

[39]
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and planes containing these faces are determined by its crystal structure. In [2], we
restricted ourselves to study a subfamily of convex polyhedra with normal vectors
belonging to some fixed finite subset of Euclidean unit sphere.

In this paper we continue this approach and study in Section 4 a particular family of
polyhedra with faces parallel to the planes x1+x2+x3 = 0. Such polyhedra have up to
eight faces parallel to the faces of regular octahedron. Such shape take many crystals,
for example crystals of fluorite CaFs, anataz TiO5, diamond, magnetite Fe2+Fe§+O4,
pyrite FeSs, alabandite MnS, spinel MgAl;Oy4, wardite NaAl3(POy)2(OH)4-2(H0),
cuprite CusO and sulphohalite.

In preparatory Section 2 we present a modified Minkowski addition for convex poly-
hedra with normal vectors belonging to some finite set GG. In Section 3 we restrict
ourselves to study a simpler family of polygons with sides parallel to the lines
1 = 0,21 + V3z2 = 0. Such polygons have sides parallel to the sides of regu-
lar hexagon. We present the structure of this family of polygons due to its relative
simplicity and in order to make the study of polyhedral family easier to understand.

2. Family of convex polyhedra with faces parallel to planes
from fixed finite set

Let G = {g1, ..., gm} be such a finite subset of the Euclidean unit sphere S"~! that
0 € int convG. We call such a set G a grid.

Let B(R™),n > 2 be a family of all nonempty compact convex subsets of R™. The
family B(R™) with Minkowski addition and multiplication by nonnegative numbers
is an abstract convex cone satisfying the order law of cancellation. In a Cartesian
product B(R™) x B(R™) we have a relation of equivalence defined in the following
way: (A, B) ~ (C, D) if and only if A+D = B+C. A quotient class [4, B] = [(4, B)]
of a pair of sets (A, B) is called a virtual body. The cone B(R™) can be embeded into
a vector space MRH(R™) = B(R™)?/ ., of virtual bodies.

For a set A € B(R"™) a support function hy of A is defined on R™ by hu(z) =
max,eca(a, x), where (-, -) is the inner product. The correspondence between compact
convex subsets of R"™ and their support functions is called a Minkowsk: duality.
Minkowski addition of two convex sets corresponds to pointwise addition of two
support functions i.e. harp = ha + hp. The inclusion of sets A C B corresponds to
the pointwise inequality of support functions h4 < hpg.

For a nonzero vector z € R™ we define a support set A(z) = {a € A|{a,z) = ha(z)}.
Let Bg(R") = {4 € BR")|A = {z € R"|(z,2;) < ha(z),i = 1,...,m}} be the
family of all inersections of halfspaces determined by normal vectors belonging to the
grid G. Elements of the family Bg = B¢ (R™) will be called G-polyhedra. G-polyhedra



Modeling crystal growth: Polyhedra with faces parallel to the planes x1 + x2 £ x3 = 0 41

with nonempty interior are convex polyhedra. It can happen that G-polyhedra are
polygons, line segments or singletons.

An important weakness of the family B¢ is that Minkowski sum A+ B of G-polyhedra
A and B may not be a G-polyhedron. This problem does not appear in case of
G-polygons. Stroifiski [6] characterized all grids in R? for which Minkowski sum of
two G-polyhedra is always a G-polyhedron. The same phenomenon happens if the
cardinality m of the grid G is equal to n + 1, because all G-polyhedra are singletons
or mutually homotetic simplices. However, consider a grid of eight normal vectors to
the octahedron which is a unit ball in R? with norm || - ||; from I!. Then segments
I, J parallel respectively to x;-axis and zs-axis are G-polyhedra. However, I + J is
a rectangle parallel to x1xo-plane which is not a G-polyhedron.

For A € Bg let h* = {ha(g1),...,ha(gm)} € R™. Notice that hy : R — R is a
support function or the polyhedron A and h* is a vector with coefficients being the
values of h4 on elements of the grid G. Let 8¢ = {h | A € Bg} C R™ be the set of
all vectors h** corresponding to some G-polyhedron. In a manner of 2] let us define
G-sum of two G-polyhedra.

@ n A B
A+ B:={zeR"|(z,9;) <h; +h,i=1,..,m}.

G G
Then A + B € B¢, and we have h4t8 = hA + hB € 8. Also h*4 = th4 for t > 0.
G
Hence the set Bg with the addition 4+ and multiplication by nonnegative numbers

G
is an abstract convex cone, i.e. (Bg,+) is a commutative semigroup with zero:

‘ G G G G
H wuimic = afmio),
G G
(ii) A+ B = B+ A,
G
(i) A+ {0} = A4,
for all A, B,C € B¢, and also
(iv) 1A = A,
(v) t(sA) = (ts)A,
G
(vi) (t+s)A = tA+ sA,
G G
(vii) t(A+B) = tA+1tB,

for all A,B € Bg and s,t > 0.
Also 8¢ is a convex cone in R™.

On the other hand for h € R™ we define a set Ay, := {z € R"|(x,z;) < h;,i =
1,...,m} € Bg U{0}. By 8 = {h|A, # 0} we denote an effective cone or an
effective domain of the correspondence R™ 3 h — Aj, € Bg U {0}. Generally, the
restricted correspondence 8; 3 h — Aj, € B is not one-to-one. The set 8¢ is a
polyhedral convex cone called a proper cone or a proper domain.
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G
Obviously, Ap1+g = Ap + Ay and Ay, = tA), for h,g € 8g and t > 0.

Notice that h*4 = th? for negative ¢ if and only if the set A is a singleton. In a
similar way also A, = tAy for negative t if and only if the set Ay, is a singleton.

The mappings Bg 3 A+— h? € 8¢ and 8¢ 3 h — Ap € By are mutually inverse,

G
and the abstract convex cones (Bg, +, ) and (8¢, +, ) are isomorphic. This way any
polyhedron in B can be considered a point in S¢ C R™.

The vector h** represents the polyhedron A in a manner of [4].

By Lg: := 8 N (—8) we denote the lineality space of the effective cone 8. The
G

lineality space Lg: is n-dimensional. It corresponds to the fact that if k € Ls(’; then

Apy is a translate of Ay for any given G-polyhedron Ay,.

Obviously, the effective cone 8¢, is a direct sum Ls(’; @ T, of the lineality space Lsé

and a pointed effective cone Tg; := 8 NL Si, where Lgi is an orthogonal complement

of the lineality space LSC/;. Let us define a pointed proper cone Tg := Sc ﬂLSé. Notice
that the lineality spaces Ls,, and Lsé coincide.

3. Family of convex polygons with sides parallel to the lines
I =O,:L’1:|:\/§x2=0

In this section we study a simpler case of two-dimensional G-polyhedra, convex
polygons with sides parallel to sides of a regular hexagon. Let a grid G be the set
of 6 vectors normal to sides of a regular hexagon, i.e. g7 = (0,1), go = (%g, —%),
gz = (——,—2) gs = —¢g1, g5 = —¢go and g¢ = —g3. For a given vector h =

(h1,...,hg) € R we denote Ay, := {x € R®|(z,¢9;) < hy,i=1,...,6}.

Let us see that a G-polyhedron Ay, is nonempty if and only if 0 < h; +h;43,0 =1,2,3
and 0 < h; + hi_|_1 + hz‘_|_2,i =1,4.

The effective cone 8, C R® is a polyhedral subset of RS. The correspondence 8/, >
h — A, € Bg is a multifunction. This correspondence is not one-to-one. For

example 4(0,0,0,0,0,0) = 4(1,0,0,0,0,0 = {(0,0)}.
We also have 8¢ = {h = (h{,...,h{)|A € Bg}. The correspondence 8¢ > h —

A, € Bg is one-to-one. Let us notice that h € 8¢ if and only if h € 8 and
hi < hs + he, ha < ha + he, ha < hy + hs, hy < hy + h3, hs < hi + hg, he < h1 + ho.

The lineality space Lg: = 8o N (—8¢) of the effective cone 8, is equal to {h|0 =
hi 4+ ha + h3,0 = h; + hit3,i = 1,2,3}. The following matrix corresponds to this
system of four linear equalities.
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[ T o R S
O = O =
_ o O =
S O = O
o = O O
— o O O

Since the rank of the matrix is four, the lineality space Lsé is two-dimensional.

The 3-dimensional set U, = {h € T| Z?Zl h; = 6} is a section of the 4-dimensional
pointed effective cone Ty, with a hyperplane defined by the equality Z?:l h; = 6. Tak-
ing a hyperplane Zle h; = 1 would be more natural, however in our case the set Uy,
has vertices with integer coefficients, namely Uy, is a trigonal prism with the following
6 vertices: K"l = (1,4,1,-1,2,—1), h'? = (1,1,4,-1,-1,2), h"® = (4,1,1,2, -1, -1),
't = (-1,2,-1,1,4,1), h'> = (-1,—-1,2,1,1,4) and h'6 = (2,—-1,-1,4,1,1). A sec-
tion Uy, and the lineality space LSC/} fully describe the effective cone, since 8 =

Ly & | tUg.
¢ >0

The 3-dimensional section Ug := {h € T¢g| 2?21 h; = 6} of the pointed proper cone
appears to be a trigonal bipyramid with the following 5 vertices h! = (%, %, 0, %, %, ),

h?=(0,3,3,0,2,3), 13 =(2,0,8,3,0,2), ht = (4,442 2 2),4

)25 9299999 R EDR) 37373731373
ho=(2,%2,43,5,%) The following figure shows the bipyramid U¢ contained in the

trigonal prism Ug,.

h/l h/2

Ug

h/5

Fig. 1. The sections Uy and Ug.

In the following picture we show two-dimensional G-polygons corresponding to the
vectors hq, ..., hs. In particular, the vector h* = (%, %, %, %, %, %) corresponds to a
G-polygon Ay = Aps = {x = (x1,22)[{w,9;) < h},i = 1,...,6} = {z|] — 21 <
%, %:1;1 — \/TE:CQ < %, %xl + %gscg < %} This G-polygon is an equilateral triangle with

its center in (0, 0) and horizontal lower side of the length %\/g A G-polygon A5 = Aps
corresponding to the vector h° is a similar triangle with horizontal upper side. Three
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G-polygons A;, As, A3 corresponding to the vectors h', h? and h3 are segments of
the length 2v/3. No G-polygon corresponds to vectors h'l, ..., h'S. However, for each
i =1,...,6 we have h'" = h4i — hBi where A} is an equilateral triangle and B/ is a
segment of the lenght 4v/3. The vector (R} + h + h%), the center of the upper base
of trigonal prism, corresponds to a pair of a triangle 1 (A} + A + Af) and a hexagon
+(B! + B} + B}), which can be reduced to a pair of trlangles (244, A5).

/A

Fig. 2. The G-polygons corresponding to vectors h', ..., h° and pairs of G-polygons corre-
sponding to vectors k!, ..., h'C.

4. Family of convex polyhedra with faces parallel to planes
I + i) + T3 — 0

Let a grld G be the set of 8 vectors normal to the faces of regular octahedron i.e. g; =

V3 V3 f)’g?):(ff f)g4:(\/§ V3 V3

(33373)792_( 3 3 3 7 3 T3y 393

g5 = —g1, g6 = —g2, g7 = —g3 and gs = —g4. For a vector h = (hq, ..., hg) € R® w
denote a convex set A, = {z € R3|(x,g;) < hy,i=1,...,8}.

@)

N

The set Aj, as an intersection of eight half-spaces, is nonempty if and only if 0
hi+hitq,0=1,2,3,4,0< hy +ho+ hs+ hg and 0 < hs + hg + hy + hs.

A cone 8 = {h|A}, # 0} is our effective cone. Moreover, our proper cone is 8¢ =
{hA|A€‘Bg}—{hES |h1 < hg+hr+hg, ho < hs+hr+hg, hs < hs+hg+hs, hy <
hs+he+h7, hs < ho+hs+hg,heg < hi+hs+hy,h7 < hy+ho+hy, hs < hy+ho+hs}.
The lineality space L sl = Ls,, simultaneously of the effective cone 8f, and the proper
cone 8¢ is the set {h € R®0 = hy + ha + hg + hg,0 = h; + hir4,i = 1,2,3,4}. The
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lineality space is three-dimensional.

As we know the cone 8, is a direct sum of the lineality space Ls’ and a pointed
effective cone T, =8, N L s+' The pointed effective cone is 5-dimensional.
G

A 4-dimensional section of the effective cone Uy, = {h € Ty 2?21 h; = 8} is a
4-dimensional prism with 3-dimensional tetrahedral bases having the following 8
vertices:

"n=(51,1,1,3,-1,-1,-1), K" = (1,5,1,1,-1,3, -1, 1),
h'3 (1,1 5,1, -1, — 1,3, 1), W*=(1,1,1,5,-1,—-1,-1, 3),
h'® = (3,-1,-1,-1,5,1,1,1), h'® = (-1,3,-1,—-1,1,5,1, 1),
R =(-1,-1,3,-1,1,1,5,1), h'® = (—-1,—-1,-1,3,1,1,1,5).

The number 8 was chosen in such a way that coefficients of the vertices of the
section Uy, are integer.

The 4-dimensional section Ug = {h € T¢| Z§:1 h; = 8} of the proper pointed cone
T is a 4-dimensional polyhedron with the following 16 vertices:

K =(2,2,0,0,2,2,0,0), h? = (2,0,2,0,2,0,2,0),
3 = (2,0,0,2,2,0,0,2), Wt =(0,0,2,2,0,0,2,2),
K% = (0,2,0,2,0,2,0,2), Ko = (0,2,2,0,0,2,2,0),
h'=(3.%3535LLL-3), h=(3353535L1L-351),
h=(333%35L-5L), h°=(5353 35 -5LL1),
R =(1,1,1,-5,5,5. 5,5, h?=(11-513.3, %, 3)
hii ~ (%),7 2%51,31,1%1%71%’1%), hi4 ~ (:%1’ 111,11’3%73273%3§>7
W =(3,5,%:5:3:233) N0 =0(5,5:3:3:22:3:5)

The following nine figures are parallel three-dimensional slices of the four-dimensional
polyhedron Uy, and contained in it polyhedron Ug. And these two polyhedra are in
turn bounded slices of the five-dimensional cones, respectively, of the pointed effective
cone T, and the pointed proper cone T¢. Figure 3 shows a base of the prism Uy,. This
base contains the four vertices h'*,i = 1, ..., 4 and no points from the polyhedron Uc¢.
Comparing Figures 3,4 and 5 or by simple calculation we see that the vertices h'*, A5
and h1Y are colinear. Since b/t —h'® = 3(h'® — h1Y), we have 't +3h1° = 4h15. Hence
the pair of a tetrahedron and a triangle (4A15,3A419) where A; = Api,i = 1,...,16
represents the vertex h’'. This pair is minimal, but we suspect that it is not the only
minimal representation of h''. Figure 4 shows a parallel slice of Uy which contains
the vertex h'®. The corresponding G-polyhedron is the tetrahedron A;s.
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h/l

h/3

h/2

Fig. 3. A base of the prism Ug
contained in the hyperplane

{h| Z?:1 hi — Z?:s hi = 8}-

Fig. 4. Intersection of Uy and the
hyperplane {h)| Zle h; — 215 hi = 4}.

Another parallel slice of the prism Uy, shown in Figure 5 containes a slice of poly-
hedron Ug which is a tetrahedron with vertices h',i = 7, ..., 10. G-polyhedra A;,i =
7,...,10 corresponding to these vertices are triangles homothetic with the facets of
the tetrahedron A;5. The tetrahedral slice of Ug is inscribed in the tetrahedral slice
of Uy, with vertices of the former one being centers of the facets of the latter one.

Fig. 5. Intersection of Uy and the Fig. 6. Intersectio4n of Ug a%d the
hyperplane {h| 2?21 hi— > hi = 21 hyperplane {h|>2;_; hi — >2;_5hi = 0}.

In Figure 6, a middle slice of Uy, contains an octahedral slice of Ug. G-polyhedra
A;,i = 1,...,6 corresponding to the vertices h’,i = 1,...,6 are six line segments
parallel to the edges of the tetrahedron A;5. Notice that an intersection of relative
boundaries of the polyhedra Ui, and Ug is the union of four triangular bipyra-
mids conv{h!, h3, h® h8 h12}, conv{h!,h? hS A" K1}, conv{h?, h3 h* A9 K13} and
conv{h?* h® hS K% h'%}. The center of the octahedron is the vector

h=(1,1,1,1,1,1,1,1). A corresponding G-polyhedron Ay, is an octahedron. Since

G
h=1(h' + h*) = 3(h? + h5) = (k3 + h®) = L(h'® + h'0), we obtain A), = (A1 +
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Ayg) = 1(As 4G— As) = 1(A; —(ﬁ— Ag) = 3 (A5 —Cf— Ai6). Let us notice that in the semi-
group of compact convex sets B(R3) an octahedron is indecomposable. It follows
from indecomposability of its triangular faces. However, in Bg(R?) an octahedron
Ap is a G-sum of two of its edges in three different ways. Minkowski sums A; + Ay,
As + A5 and Az + Ag are three mutually perpendicular squares. Also, an octahe-
dron Ay is a G-sum of two tetrahedrons. However, a Minkowski sum Ai5 + A6 is a
couboctahedron.

Figure 7 is similar to Figure 5. We have Ay; = — Ay, that is triangles Ay; and Ay

are homothetic with a scale factor —1. In a similar way, A1, = —Ag, A13 = —Ag and
A4 = —Aqg. Figure 8 is similar to Figure 4.

Fig. 7. Intersection of Uy and the Fig. 8. Intersection of Uy and the
hyperplane {h\ Z?:l hi — Z?:g, hi = —%}. hyperplane {h\ Z?:l hi — Z§=5 hi = _4}-

We also have A1g = —Aj5, and tetrahedrons A and A;5 are also homothetic
with a scale factor —1. Figure 9 is similar to Figure 3.

h/5
h/8

h/?

h/6

Fig. 9. Second base of Uf contained in the hyperplane {A| S hi— Z?:s h; = —8}.
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5. Conclusions

In [4] authors study families of polyhedra homothetic to summands of one fixed
polyhedron. In this paper we replaced the restriction of "homothetic to summands
of one fixed polyhedron” with ”faces parallel to fixed set of planes”, specifically, we
study the cone of G-polyhedra ”with faces parallel to the planes 1 + x5 £ x3 = 0.
In [4] the authors do not modify Minkowski addition. Here we modify it and this
(GG-addition is more adequate to the physical nature of crystal growth.

In this paper we show that a bounded slice of the cone of G-polyhedra is an intersec-
tion of a prism with tetrahedral base and a bipyramid with inverted tetrahedral base.
The base of the prism and the base of the pyramid are homothetic with scale —1. The
height of the prism is double height of the bipyramid. The intersection has 16 ver-
tices corresponding to 2 tetrahedra, 8 faces of these tetrahedra and 6 edges. It means
that exactly these 16 of G-polyhedra are indecomposable and any G-polyhedron is
a positive combination of at most 5 of these indecomposable G-polyhedra.

We believe that understanding of the geometry of the cone of all G-polyhedra will
enable us to reduce pairs of G-polyhedra to minimal pairs. Recently, Tomasz Stroinski
communicated that he obtained an effective method of calculating a minimal pair
contained in a given pair of G-polyhedra which is being prepared for publication.

Let us observe that the grid G that was studied in this paper is very small. It contains
only 8 vectors. In spite of this the geometry of the cone of all G-polyhedra is quite
complex. However, we hope that future research of larger grids will give us better
tools for description, prediction and design of crystal shapes.
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MODELOWANIE WZROSTU KRYSZTALOW:
WIELOSCIANY WYPUKLE O SCIANACH
ROWNOLEGLYCH DO PLASZCZYZN X; 4+ Xo + X3 =0

Streszczenie

Rosnacy krysztal mozna interpretowaé jako szereg wieloscianéw o $cianach réwnoleglych
do skonczonego zbioru plaszczyzn. Taki szereg tworzy krzywa, na ogol linie tamana, w
wektorowej przestrzeni wieloscianéw wirtualnych. W tym artykule badamy geometrie stozka
wszystkich wielo$cianéw o Scianach réwnoleglych do $cian osmioscianu foremnego.

Stowa kluczowe: wzrost krysztalu, abstrakcyjny stozek wieloscianéw wypuktych, zmody-

fikowana suma Minkowskiego






