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Summary

We study point spectra of a quaternion singular integral operator and real singular
integral operators which are its components; the operators act on the Holder space H¥(T'),
a € (0,1), where I is a closed quadrable surface.
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1. Introduction

We used in this work the method of study of the point spectrum of integral opera-
tors, which resulted from discussions with prof. Mikhael Shapiro and prof. Vladimir
Kutrunov in Mexico City on 2006.

In the work [1] we studied point spectra of two integral operators, generated by
the Cauchy singular integral on a closed Lyapunov curve in the complex plane C.
This method was further developed in [2], where we investigate the point spectra of
the reduced singular integral Cauchy operator and two real integral operators which
are its components on a closed regular curve (i.e. the measure of its intersection
with a disk does not exceed a constant multiplied by the radius of the disk). In the
present work we consider the same problem for a quaternion singular integral Cauchy
operator and its components on a closed quadrable surface in R3.

[153]
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2. Quaternion holomorphic functions and surface integrals

Let H(C) be the associative algebra of complex quaternions

3
a= § axt,
k=0

where {ak}izo C C, 19 = 1 and 44, 25, 23 be the imaginary quaternion units with the

multiplication rule 4% = i3 = z§ = 119283 = —1. The module of the quaternion a is

defined by the formula

For complex quaternions the next relation is true:
|abl < v2]al 0] (1)

(see Lemma 2.1 of [3]).

For {zk}%zl C R consider vector quaternions z := 2121 + 2213 + 23%3 as points
of the Euclidean space R* with the basis {ix};_,. Let Q be a domain of R3. For
functions f : Q@ — H(C) having first order partial derivatives consider quaternion
differential operators

k=1 OFF
5 of

Dr[f] = Z = Lk,
k=1 %k

factorizing the Laplace operator
82 82 82
=R ER

like the complex factorization of the two-dimensional Laplace operator

AL PP (0 9\ (9 .0
B 022 T oy \ox oy ox Oy/)’

Definition 2.1. Function f := foig + f141 + foi2 + f3i3 is called left H-differen-
tiable or right H-differentiable in a point 2(°) € R3, when its components fo, fi,
fa, f3 are R3-differentiable functions in z(®) and the condition

Di[f](z"") =0 3)

:Dlo(_Dl) :D’I'O(_DT) (2)

or

D, [f](=") = 0.

holds true respectively.
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Defined in such a way the notion of the H-differentiability of a quaternion function
is the exact analogue of the C-differentiability of a complex function (see [4]) f({) =
u(x,y)+v(x,y)i at the point {y = x¢-+yoi, that is equivalent to R2-differentiability of
the components u(z,y), v(z,y) at the point (xo,yo) and fulfillment of the condition

9f(C) n 9f(C)
ox oy

It is known (see [4]) that C-differentiability of a complex function is equivalent to
existence of its derivative. In hypercomplex analysis there is no such the equivalence.
Particulary in quaternion analysis only linear functions of the special form have
derivatives (see [5]). Operator Dy is called the Dirac operator or Moisil-Theodoresco
operator, and the equality (3) is equivalent to the Moisil-Theodoresco system [6]

1=0.

Definition 2.2. A function is called left-hyperholomorphic or right-hyperho-
lomorphic in a domain 2 when it is left H-differentiable or right H-differentiable in
each point of the domain €2 respectively.

Definition 2.3. A function is called hyperholomorphic in a domain {2 when it is
left-hyperholomorphic and at the same time right-hyperholomorphic in the domain
Q.

The fundamental solution of the the Laplace operator in the space R3 has the

following form:
1

 drlz]

0(z) =

(i.e. Ags[0](z) = 0(2), where §(z) is the Dirac delta-function).
Due to the factorizations (2), the quaternion Cauchy kernel
z
K(z):=-Di0|(z) = —=D,[0](z) = ————
(2) = ~DIBI(:) = =D, () =~
is a fundamental solution of operators D;, D, and therefore it is a hyperholomorphic
function in the domain C\ {0}.

Definition 2.4 ([7, 8]). A surface I' C R? is an image of a closed set G C R? under
a homeomorphic mapping ¢ : G — R3

z = p(u,v) := z1(u,v)41 + 22(u, v)is + 25(u,v))is, (u,v) € G,

such that Jacobians
L 822 823 822 (923 o 823 82’1 823 (921
Alu, v) := Ou Ov ov Ou’ B(u,v) = Ou Ov ov Ou’
L 82’1 822 321 (92’2
Ol ) =5 50 ~ v ou

exist almost everywhere on the set G and summable on G.

It is known that the vector n(u,v) := A(u,v)t; +B(u,v)i2+C(u, v)is is a normal
vector to the surface I" at the point z € T'.
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The area of the surface I' is calculated by the formula

LT = //|n(u,v)|dudu7
a

where the integral is understood in Lebesgue sense.

A surface T is called quadrable (see [7]), if £(T') < +oo.

Let I' € R? be an image of a sphere S C R? in a such homeomorphic mapping
Y S — R3 that the image of a great circle v on the sphere S is a close Jordan
rectifiable curve ¥ on the set IT'.

The sphere S is the union of two half-spheres S7, S with common edge ~.

It is ease to see that there exist continuously differentiable mappings ;1 : B — 51,
02 : B — Sy of the unit disk B := {(u,v) € R? : v? +v? < 1}. So the set
T is the union of two sets 'y = ¥ (p1(B)), I's = ¥(p2(B)) with the intersection
7 =1(p1(0B)) = ¥(p2(0B)).

Definition 2.5. A set I is called a closed surface if there exist a such homeomor-
phic mapping v : S — R3 that the sets I';, I'y are surfaces in the sense of Definition
2.4 and orientation of the circle 9B induces two mutually opposite orientations of
the curve 4 under mappings 1) o 1 and 1 o s respectively.

Let I'? := {z € R®: p(2,T') < £} (p denotes the Euclidean distance) be the closed
e-neighborhood of the surface I, V(I'?) be the space Lebesgue measure of the set I'®
and M*(T) := Tn})v(r ) he the two-dimensional upper Minkowski content (see [9,

E—r

2e
p. 79]) of the surface T".

For functions f : I' — H(C), g : I' — H(C) in the case of non-closed quadrable
surface I' the quaternion surface integral is defined by the formula

// f(z)a(z)g(2) := //f(cp(wv))n(u,v)g(<p(u,v))dudv
r G

where 0(2) := dzodzs3i; + dzsdziis + dz1dzats is a formal representation of the dif-
ferential form o and in the case of a closed surface the surface integral is defined by
the formula

[[ 10090 = [[ 1100196+ [[ 1201900

A close surface I is called a positively oriented surface if the normal vector
n(u,v) is directed outside the bounded domain with the boundary I" at every point
of the surface I', where it exists.

Theorem 2.6 ([8]). Let R3 D Q be a bounded domain with a quadrable closed bound-
ary L', for which
MH(T) < 400,
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let function f : Q — H(C) be right-hyperholomorphic in Q and continuous in the clo-
sure Q and let function g : Q — H(C) be left-hyperholomorphic in Q and continuous

in Q. Then
[[ 11009 =0,
N

Theorem 2.7. Let the boundary I' of a bounded domain QT be a positively oriented
closed quadrable surface and let f be a left-hyperholomorphic function in the domain
QF and continuous on its closure Q+. Then the Cauchy integral formula

//K(C—z)a(g)f(g) _ { (J;(Z), 2 et
T

z€Q~

holds true.

Proof. Let ., be the positively oriented sphere of the radius p with the center
2 = 2111 + 2982 + 2313 € QT assigned by the equations set

(1 =z + psinfcos g,

(o = 29+ psinfsinp O<f<m,

2 — <2 )

(3 =23+ pcosb, Osps2m

It follows from Theorem 2.6 that
[ xc-200 10 = [[ K- 200 110) (1)
r Vzup

Due to the continuity of the function f we have

Ve>030(e) >0:|¢C—z| <d(e) =) — f(2)] <e.

By using the equality
[[xc-200 =1 5)

Yz,p
(it is a partial case of the formula (4.13) of the work [10]) and the inequality (1), it
follows from the inequality |¢ — z| < d(¢) that

J[xc=200 1) - 1| =

V2o

—|[[ =200 10 - [[ K20 50| -

Yz,p Yz,p

- / / K(¢—2)0(0) (F(0) - f(2))| < v2 / / K= 2110 - £(2)] <
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<2 [[ 1K - 21100 = 2v2= [ [ 1K(c = 2)]10(0)

Vz.p ’YZP

27 %

1
2\/55/5[90/4— sin fdf = v/2e,
v

0

0

where WZ , 1s the upper half-sphere of the sphere v, , (with 0 < 6 < §). Therefore

/ / K(C—2)0(0) £(C) = £(2) + alp). (6)

Yz,p

where the left side integral does not depend on p and a(p) — 0 as p — 0. By the
relations (4), (6) the case z € QT of the Theorem is proved.

In the case z € Q= the Cauchy kernel K ({ — z) is a hyperholomorphic function of
the variable ¢ in the domain Q% and continuous on its closure Q+. So by Theorem
2.6 we have

[ xc-20010 =0

Theorem is proved. U

Theorem 2.8. Let the boundary I' of a non-bounded domain Q= be a positively
oriented closed quadrable surface, let f be a left-hyperholomorphic function in the
domain Q1= and continuous on its closure Q= and let the limit

f(o0) i= lim f(2)

exists and is finite. Then the Cauchy integral formula
_ f(OO)—f(Z), ZEQ_,
J[xc-2es0={ 1) o
r

holds true.

Proof. Let v, , be the positively oriented sphere of the radius p with the center
z = 2191 + 2980 + 2313 € Q7.

It follows from Theorem 2.7 that for every p that is so large that |¢ — z| < p for
all( el

J[xc-200 10 = [[Kc-200 1) - 1000
T

Yz,p

Due to the definition of f(oo) we have

Ve >03M(e)>0:|¢C—z2| > M) = |f(C) — f(o0)] <e.



On the spectra of a quaternion siingular integral operator and its components 159

Then by using the equality (5) and the inequality (1), it follows from the inequality
p > M/(e) that

/ / K(C=2)a(0) f(¢) = f(o0)| =

Yz,p

~|[[ =200 10 - [[ K200 1) -

Yz,p Yz,p

- / / K(C—2)0(0) () — Floo))| < V2 / / K¢~ 2o 1£(0) - F(o0)] <

Yz,p Vz,p

< V2 [ [ 1K(c=2)lIoto)] = V2=
Yz
Consequently
[ K= 70 = sex)
Va0
and Theorem is proved in the case z € Q7.

In the case z € QT we have for every p that is so large that | — z| < p for all
¢el

J[Kc=200 10 = [[ K¢~ 206 £6) = f(e0)
r Yz,p

and Theorem is proved. g

3. Quaternion singular integral Cauchy operator
and its components

Let f : T—=H(C) be a continuous function from a Holder space H*(T'), « € (0,1)
(i.e. exists a positive constant L, such as for any points (1, (s of the surface I" the
inequality

[f(C1) = f(C)] < LIt — Cal®

holds true).
A norm in the space H*(T") is defined by the formula:

B 11(6) = J(G)l
Il = e PN oo s I =Gl
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Let I" be a quadrable surface and let

= — Z)O zZ 3
2) _K/K(C Jo() (), 2 €RP\T, (1)

be the quaternion Cauchy-type integral.

Theorem 3.1. The Cauchy-type integral (7) is a hyperholomorphic function in the
domain R3\ T.

3
Z (Ck — 21)k

39
2
1 >

3
0(¢) = dl2d(3t1 +d(3dCiia +dC1d s, f(C) = > fi({)%; let us represent the Cauchy-
=0

Proof. By using representations K (¢

MwH

P

type integral (7) by components

3 3
O S B | e

3 3
_izz/ (Ck_Zk)fl(C)%dCIdCQikisil.
r

Then

3 3 3
D,[®](z) = —% S a(zq / (G = 26)l0) 7 dCodCsiniriviy—
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3 3
_i Z Z Z aazq // (G — 2zx) f1(C) : dC1dCatristiy. (8)
r —

For example by using the Lagrange theorem we obtain

821// (G —21)f1(Q) —dCadCs =
)

TR (¢1 — (21 4+ h)) f1(¢)
: <(C1 — (21 +h))?*+ 2:: (Cp — 2p)?

= hm // u, v, 0h) fi({(p(u,v)))A(u, v)dudv,

where
2(G () — (214 )2 = 35 (Go(o(0,0) — )7
O (u,v,0h) = p=2 =
<<<1<so<u,v>> ~ (a4 O+ 3 (Gl ) - ))
and 0 < 6 < 1.

There exists such hy > 0 that ®(u,v, 6h) is a continuous function of the variable
(u,v,0h) belonging to the closed bounded set G' x [0; 1] C R3. That is why it is a
uniformly continuous function. And therefore

Ve > 035(e) > 0V(u,v) € G:0< h<d(e) =
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|®(u,v,0h) — ®(u,v,0)| < e.
Then

/ / B(u, 0, 61) (¢ (2 (11, ))) A(u, v)dudv — / / B(u, 0, 0) fi(C (1, v))) Al v)dudy
G G
< / 1B v, 61) — B(u, v, 0)| [ il v))) A, v)|dudv <
G

<e / A(C (s 0))) A, 0)|dudo,
G

Since the last integral is finite due to the summability of the integrand, then

821// dCdC—// (u,0,0) fi(¢(¢(u, v))) Au, v)dudv =
(iw p>>

p=1

3
3(G—=) =X (G — Zp)2

// Q)G
(P—l(gp - Zp)2>

The same equalities for another components of D,.[®](z) are proved analogously.
In particular

921 / / pdGdls = / / Cmn) £ 1()dC2dGs.
o™ Ve

Substituting all such equalities into the formula (8), we get after simplification

that
2) = / / D,[K](C — 2)0(C) £(C).

Since the Cauchy kernel K (¢ — z) is a hyperholomorphic function of the variable z
then D, [K](¢ —z) = 0 and hence D,[®](z) = 0. The equality D;[®](z) = 0 is proved
similarly. Theorem is proved. O

Let ®T[f] (z) ,z € QF, be the continuous extension of ®[f] onto closure QF of
the domain Q" (if it exists), @~ [f] (2) ,z € -, be the continuous extension of ®|f]
onto closure 2~ of the domain Q~ (if it exists).

Theorem 3.2 ([11]). Let Q be a Jordan domain with the boundary I' having a finite
Hausdorff measure of dimension 2, let f : T' — H(C) be a continuous function, and
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let the integral
0= tim [[IK(C=0llo(Ol17©) - £, teT,
\I'¢,s

where T'y 5 :={( € ' : | —t| < 6}, exists uniformly with respect to t € I'. Then the
integral

A =t [[ K00 () - 1), ter.

§—0
\I'¢,s

and continuous extensions ®1[f] and ®~[f] of the Cauchy-type integral ®|f] exist
as well and the following formulas

®F[f1(t) =F[fI(t) + f(t), teTl, 9)
7 [f](t) =F[f](t). tel,
hold true.

The function ®*[f] (2) is hyperholomorphic in the domain Q% by Theorem 3.1
and it is continuous on its closure Q* by Theorem 3.2. Applying to it the formula
(2.7), we obtain

(27 [f]] (2) = 7[f](2), z€Q.

Therefore
ST[®T[f]] (t) = ®T[fI(t), teT,

and it follows from (9) that
STf] (t) =F[@T[f]] (1) + @T[f](1), teT,
F[@T[f]](t)=0, teT,
FIF(f]] (t) + FIf] (1) =0, teT.
Operator representation of the latter formula has the form
F? = —F. (10)
Supposing the function f complex-valued, represent the operator F in the form
F =B + Ci; + Diy + Ei3, (11)

where for t € T

Bf](t) :== ﬁ / W((Cl — t1)dC2dCs + (G2 — t2)dCdCr + (G — t3)dC1dC2),
r

f(O) =)

T 4r Ic— 3 (G2 — t2)dCrdCa — (G5 — t3)d(s3dCy),
T

Clf](t) =
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D[f](t) := —i W((ﬁs — t3)dC2dCs — (1 — t1)dG1dC),
r

E[f](t) = —% W((Cl — t1)dGsdCy — (G2 — t2)dC2d(s),
T

t:=t1t1 + tots + t3ts.
Substituting expression (11) into equality (10), we obtain the next system of
operator equalities:

B2-C?2-D?_E?=_B,

BC + CB + DE — ED = —C,
BD + DB +EC - CE = -D,
BE +EB +CD - DC = —E.

(12)

It is known (see [12]), that Holder spaces H*(T), a € (0, 1), are invariant with
respect to the operator F, and therefore to the operators B, C, D and E as well.

Definition 3.3 ([13]). Let T be a linear operator in a complex Banach space. A
number A € C is called an eigenvalue of the operator T if the equation

Tf = \f

has a nonzero solution f which is called an eigen element of the operator T. The
set of eigenvalues A is called the point spectrum of the operator T. Eigen elements,
corresponding to a fix eigenvalue ), form so-called eigen subspace; its dimension
is called the multiplicity of the eigenvalue .

Owing to operator equations (11), (12), the spectra of operators F, B, C, D and
E are closely interrelated, which is confirmed by the following theorems.

Theorem 3.4. Points 0 and —1 are eigenvalues of infinity multiplicity of the oper-
ator F.

Proof. Tt follows from formulas (9) and (2.7), that boundary value of any function,
hyperholomorphic in the domain Q7 and continuous on its closure, is an eigen element
of the operator F, corresponding to the eigen value 0. And from formula (2.8) it
follows that eigen element, corresponding to the eigen value —1, is the boundary
value on the surface I' of any function, hyperholomorphic in the domain £~ and
continuous on its closure and tending to zero in infinity. Theorem is proved. O

Theorem 3.5. Point 0 is eigenvalue of operators B, C, D and E.

Proof. 1t follows from the equality (11), that any complex constant is an eigen ele-
ment corresponding to the eigen value 0 of the operators B, C, D and E. Theorem
is proved. O
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Let us confine ourselves to a class of functions f, satisfying the condition B[f](t) =
0, t € T'. Then F becomes purely vector operator and the system (12) gets the look
C?+D?+E?=0,

DE - ED = -C,

EC - CE = -D,

CD -DC =-E.

(13)

Theorem 3.6. If )\ is a eigenvalue of the operator C, D or E, then A\ + i are its
etgenvalues too.

Proof. For symmetry reasons it is enough to consider one from the three operators,
for example, C. It follows from the equality Cy = Ay and from the third and fourth
equalities of the system (13) that (C — AI)%p* = —¢*, where ¢* := E¢p. Therefore

{(0 (A +DI) (C— (A=) ¢* =0,
(C—A=)I)(C—(A+D)I)p* =0.

And it follows from the first equality of the system (14) that Ce** = (A + i) p™*,
where o** := (C — (A —4)I) " is eigen element of the operator C corresponding to
its eigenvalue A + i. In the same way the second equality of the system (14) gives
Cp** = (A —1) p**, where p** := (C — (A + 9)I) ¢* is eigen element of the operator
C corresponding to its eigenvalue A — i. Theorem is proved. O

(14)

Note that the function ¢* is not unique. For operator C it can also be the function
De.

Theorem 3.7. If any two of operators C, D, E have a common eigen element,
then it is an eigen element for third operator too and it corresponds to their common
etgenvalue 0.

Proof. For symmetry reasons it is enough to consider only one pair of operators, for
example C and D. Let Cp = A1, Dy = Ayp. It follows from the fourth equality
of the system (13) that E¢p = 0 whereupon we obtain from the second and third
equalities that Cy = 0 and Dy = 0. Theorem is proved. (]
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O SPEKTRUM KWATERNIONOWEGO OSOBLIWEGO
OPERATORA CALKOWEGO I JEGO SKLADOWE
NA POWIERZCHNIACH PRZESTRZENNYCH

Streszczenie

Badamy punktowe spektrum kwaternionowego osobliwego operatora catkowego i rzeczy-
wiste osobliwe generatory catkowe, ktre sa jego skladowymi; operatory dzialaja na
przestrzeni Holdera H*(T"), a € (0, 1), gdzie I" jest domknieta, kwadratowalna powierzchnia.

Stowa kluczowe: kwaternion, funkcja rézniczkowalna, hiperholomorficzna funkcja, osobliwy

catkowy operator Cauchy’ego, spektrum



