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Summary

At the beginning of the article, the simple and inverse problem in field theory is described
and the term tomography is explained. There are also examples of the use of gravitational
tomography and its significance in Earth sciences. The main purpose of the article is to
present two practical calculation procedures intended to determine the spatial distribution
of density in objects with spherical-symmetrical mass distribution. In the first procedure,
the object is divided into concentric spheres of equal thickness. In the second procedure,
the object is divided into concentric spheres of equal volume, which provides more precise
information about the distribution of density in the outer layers of the object. The den-
sity values are obtained by solving a system of linear equations with introduced results of
measurements of gravity acceleration performed with a gravimeter outside the object.
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1. Introduction

A simple problem in the field theory is that the given data are the values character-
izing the sources of this field, and while using them, we need to determine the values
describing the considered field in the space that surrounds its sources. In turn, the
inverse problem in the theory emerges when having values that describe the field in
space we need to calculate the values characterizing the sources of this field [1]. In the
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case of the gravitational field, the inverse problem is that knowing the gravitational
potential values or gravity acceleration values and directions, we need to determine
the position of masses or the spatial distribution of densities of this mass [2]. The
word tomography comes from Greek. It was created by combining two words: tho-
mos and grapho, meaning respectively: cutting and image. Accordingly, tomography
mans a method of obtaining images from the internal structure of a studied object as
a result of its intersecting with selected planes. Nowadays, tomography is most often
associated with a method of the so-called medical imaging diagnosis, which consists
in obtaining cross-sectional images of selected parts of a body using e.g. X-rays
emitted from a moving lamp or magnetic resonance [3].

However, as a research method, tomography has a much broader application,
also in Earth sciences. In geophysics, geology and surveying information about spa-
tial distribution of mass density inside Earth is crucial. In the case of geophysics,
this information is critical to understand the phenomena taking place inside our
planet [4, 5]. In the case of geology, it allows to detect some useful fossil raw mate-
rials. And in the case of surveying, it allows to determine the deviation value and
direction from the vertical line of the gravity acceleration in a particular place on
Earth, and thus to develop a model of its surface (a geoid) and to establish gravi-
metric surveying points [6, 7]. It is essential to ensure the necessary accuracy of
almost all measurements carried out by surveyors [8, 9]. Specialists that deal with
the so-called higher surveying measure the gravitational anomalies, among others of
anthropogenic origin, e.g. arising from closed mine pavements, tunnels, shelters [10].
Results of those measurements are broadly used, also for military purposes. Thus,
the gravitation tomography becomes useful in each of these sciences. Hence, this
method is currently the object of interest of numerous researchers [11, 12].

This paper is intended to provide practical calculation procedures of gravitation
tomography, applicable to determine the spatial distribution of mass density for
spherical-symmetrical objects. In such an object, the density depends solely on the
distance from its center. Two variants of object division will be considered. The first
one is a division into spheres of equal thickness, and the second one is the division
into spheres of equal volume.

2. Division of the object into spheres of equal thickness

A given object is a sphere with external radius of 79, and a fragment of its cross-
section in presented on Fig. 1. This object will be divided into m of concentric spheres
of equal thickness Ar, meeting the condition Ar < r. Then it can be assumed that
the density of matter d; in each of these spheres is constant (j is the number indicator
of the sphere and it fulfills the condition (j = 1,2,...m). According to the accepted
assumptions, the thickness of each sphere Ar and its radii: internal r,,;, external r,;
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and average r,; are expressed in the following formulas:

Ar = %0 (1)
ruj = 2= 1), 2)

Fig. 1. Scheme of division of an object with spherical-symmetrical distribution of mass into
spheres of equal thickness; 1o — object radius, rwj, 7sj, 7-; — radii of j-th sphere respectively:
internal, average and external, Ar — thickness of each sphere, d; — mean mass density in
j-th sphere, Ag; — contribution to gravity acceleration produced by mass contained in j-th
sphere at distance R, from the centre of object O.

To

Tzj = Eja (3)

Tsj::;(j_;)- (4)

In order to determine the density of d;, the values of gravity acceleration g; at
distances R; from the center of the object (i is an indicator that numbers these
distances and at the same time the measurement points ¢ = 1,2,...n, and also
n = m) were measured. Due to the spherical-symmetrical distribution of density in
the object, the g; vectors are of a radial direction. For an unambiguous determination
of d; it is necessary to take n = m measurements at different points. According to
the Newton’s law of gravitation, the j-th sphere provides contribution to acceleration
Ag;; at a selected distance R; from the center of the object, expressed with the
following formula [2]

Agij _ 3 ZjR2 wy 7 (5>
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where G is the gravity constant (G = 6.67-10!! (Nm?)/kg?). The resultant acceler-
ation g; at each point is the sum of these contributions and is given by the following
formula

j=m
j=1

The proportionality coefficient k;; may be entered into formula (5) and written down
in the following form

Agij = kijd;, (7)
where the k;; is expressed by the formula
%WG (rgj —rd )

A wj
1) T R2
(3

(8)
Using formulas (6) and (7) for each of the points of measurement of the resultant
acceleration g; the following system of equations is obtained

klldl + k12d2 + e + kljd] = 917
k21d1 + k22d2 + ...+ k2]d] = ga, (9)
kiidi + kiodo + ... + kijdj = g;.

Since it is a system of linear equations, it can be written down in a matrix form

KD = G. (10)
The matrices K, D and G in the system (10) are in the form of
ki ki ... kyy dy g1
K — kor koo ... k2j 7 D— da 7 G- g2 ) (11)
kin ki ... Ky d; d;

The purpose of further proceedings in this case of gravitation tomography is to
calculate the density of masses of d; in individual spheres, which is brought down
to solving the system of equations (10) and determining the elements of the single-
column matrix D. Standard procedure, employed in the theory of linear equations
provides the following formula

_ 1
T detK

where det K is the determinant of matrix K and (K*)? is the matrix transposed to

(K'G, (12)

the complement matrix K.
An example of applying the described procedure will be the conduct where the
spherical-symmetrical area is divided into 8 spheres. In such a case, the system of
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equations (9) takes the following form:
ki1dy + kiado + ... + k1sds = g1,
koi1d1 + koodo + ... + kogdg = g2, (13)
ksidi + kgoda + ... + kgsgds = gs.

and the contributions to the acceleration Ag;; and the coefficients of proportionality
k — ij are calculated from the following formulas respectively:

4 |(2)" - (26 -1)"] 4
R? ’

476 | (29)" = (26 - 1)’
R? '

After applying the formula (15) for the distance R; and taking into account the
relation (1), the following sequence of formulas for the proportionality coefficients
k;; is obtained:

Agi; = (14)

kij = (15)

_ 4nGAr®0.00267Gr

ki1 = 3Rf = RZZ , (16)
287GAr3 0.018277Gr8
76rGAr3  0.04947Grd
1487 GAr*  0.09697Gry (19)
“T 3Rz T R
2447GAr®  0.15897Gr
364rGAr3 0.23707rGr8
5087 GAr3 0.33077TG7"8’
676TrGAr®  0.44017Grd

In the case of spheres located at a large distance from the center of the object,
i.e. for j > 1, it is possible to calculate the approximate values of proportionality
coeflicients k;; from simplified formulas. For this purpose, the volume of a sphere will
be calculated not as the difference in volume of spheres of adjacent r,;, r,; radii but
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as the product of the surface area of a sphere of medium r,; radius and its thickness
Ar. The following is obtained then

_ AnGrZAr

hij ~ =28 (24)

After substituting the formula (4) to the formula (24), we can write down what

follows
drGrd (1 2
kij ~ W (] — 2) . (25)

Because j > 1, formula (25) can be simplified even more and then
T3j2
kij =~ 47TG%. (26)
To check the difference between the approximate and the exact value, formula (26)
will be applied for j = m = 8. In such a case we will obtain what follows from the
formula (26)
~0.46887Gr}

Comparing this value with the exact value k;g calculated from formula (23) leads to
the conclusion that the relative error of this approximation does not exceed 0.03.

A flaw of the described procedure, which is based on dividing the sphere of equal
thickness Ar, is that the volume of spheres that are increasingly more distant from
the center of the object grows rapidly. This is indicated by the sequence of values of
proportionality coefficients k;;, expressed in formulas (16-23). According to formula
(26) this growth is approximately proportional to the square of index j, meaning
the sphere. As a result, the calculated density d; is assigned to areas with increasing
volume, and the structure of external layers of the objects is identified with decreasing
resolution.

3. Division of the object into spheres of equal volume

The flaw described in the above part of the paper can be avoided by dividing the
examined object into m concentric spheres of equal volumes V; (Fig. 2). Accordingly,
the volume of each sphere is expressed with the following formula

Vo
V= = const. (28)
where Vj is the volume of the entire spherical object, calculated from the formula
4
Vo = —7rg. (29)

3
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After substituting formula (29) to formula (28) the volume of each sphere V; is given
by the formula

4 rd

= ——. 30

J 3 m ( )

The contributions to the acceleration from each of the spheres Ag;; and the propor-

tionality coefficients Ag;; for each of the spheres will be calculated in the same way

as previously by adapting formulas (7) and (8). The following is obtained then

\

Fig. 2. Scheme of division of an object with spherical-symmetrical distribution of mass into
spheres of equal volume; Ar; — thickness of j-th sphere, the other symbols have the same
meaning as given in the description in Fig. 1.

GV.d,;

Agij = 1%-712 z, (31)
- 47rGr8

kij = TR (32)

Formula (31) shows that the contributions to the acceleration Ag;; from each sphere
are the same, while the proportionality coefficients of k;; do not depend on j and
are constant for all values of R;. The procedure is afterwards the same as before;
we write down the system of linear equations (9), introducing the proportionality
coefficients expressed with formula (29). Then, the system is solved with formulas
(10-12).

Division of the object concerned into concentric spheres of equal volumes causes
that the radii of the spheres located in the internal part of the object grow slower
and slower. The dimensions of these spheres will now be calculated for the mentioned
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division. The contribution to the acceleration Ag;; from the j-th sphere can be
calculated using its radii: internal r,,; and external r,;, using the formula

57 (1l — i) 4
R}

On the other hand, the volume of a sphere with a radius equal to the external radius

Agij = (33)

of the of r,;, fulfills the equation

4 4 L
57”"2]‘ = §7TT8E’ (34)

which the following formula for this radius is obtained from

Tzj = 13( %To. (35)

Similarly, the volume of a sphere with a radius equal to the internal radius of the of
Twj, fulfills the equation

—Tnr,,; = *71'7"077 (36)

which, when transformed, gives the following formula for this radius

[j—1
ij = \ ]m Tro. (37)

The thickness of the j-th Ar;; sphere is equal to the difference between its outer
radius and inner r,; and is given by the formula

- ({25 .

The mean radius of the j-th sphere ry; will be the arithmetic mean of the outer radii
of the outer 7,; and inner r,;. The mean radius defined in this way is expressed by

the formula
o 1 3 .7 3 j_l
rsj2<“m+“ - 0. (39)

Moreover, between the following radii: the inner j-th r,; sphere and the outer r,;
sphere with the number (j — 1) there is equality, i.e

ij = Tz(j—l)' (40)

To give an example of how to apply the derived dependencies, the division of the
object into m = 8 spheres will be considered. Using formulas (39) and (38) for this
example, the following sequence of equations is obtained, expressing the outer radii
of the spheres of r,; and their thicknesses Ar;:

1
Ty = i/;’l“o = 050007”0 ATJ = 0.5000T0, <41)
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2

T = {’/;ro —0.6300r Ar; = 0.1300r0, (42)
,[3

res = {[ 570 =0.7211r0  Ar; = 0.0911r0, (43)
[

rea = {[ 570 = 0.7937ro  Ar; = 0.0726r0, (44)
.[5

res = {/ gro = 0855070 Ar; = 0.0613ry, (45)
/6,

re = {] g7o = 0.9086r0  Ar; = 0.0536r0, (46)
.7

o7 = () =10 = 0.9565r0  Ar; = 0.0479r, (47)

.8 = =To = 1.00007‘0 ATJ‘ = 0.04357“0. (48)

w
co| co| ool

While analyzing the results obtained, it is easy to notice that the outer radius of
the first sphere of r,1, equals half the radius of the entire area of ry and also equals
the thickness of Ary of this sphere (see equations (41)). Furthermore, thicknesses of
subsequent spheres decrease quickly.

4. Conclusions

In order to obtain the most accurate information on the internal structure of the ex-
amined object of a spherical-symmetrical mass distribution, it is necessary to divide
it into as many concentric spheres as possible (m > 1). The obtained spatial distri-
bution of mass thickness in the object will be characterized with higher resolution
then. It will be also justified to use the approximation consisting in replacement of
its distribution of mass density with average density d; ascribed to the distance from
the center of the object equal to the average radius of this sphere r,;. Dividing the
object into a large number of concentric spheres causes an increase in the number of
linear equations in the system (9). To ensure solvability of this system it is necessary
to perform gravimetric measurements of gravity acceleration g; also in sufficiently
large and the same number of points (n = m). The simplest division of the object
into concentric spheres of equal thickness Ar causes the masses of external spheres
to increase rapidly and to give more and more contributions to the gravity acceler-
ation. In situation where it is necessary to investigate the mass distribution more
accurately in the external part of the examined object, e.g. in the case of Earth, a
better solution is to make a division into spheres of equal volume. Then, regarding
the decreasing thicknesses of external spheres, we can obtain greater resolution for



126 S. Bednarek

the density distribution in this part of the object. The spherical-symmetrical distri-
bution of mass densities is a special but often encountered case of distribution. With
a good approximation, such a distribution can be found e.g. in astronomical objects,
including Earth. The most general case of mass distribution, where density in a given
point of the object depends both on the distance of this point from the center of the
object (radius r;) and the polar and azimuthal angles, will be a subject of another

paper.

References

[1] D. J. Griffiths, Introduction to electrodynamics, Prentice-Hall, Inc., New Jersey 1981,
16.

2] J. Massalski, M. Massalska, Fizyka dla inzynierdw, fizyka klasyczna, Wydawnictwa
Naukowo-Techniczne, Warszawa 2008, 135.

[3] A.Z.Hrynkiewicz, E.Rokita (ed.), Fizyczne metody badar w biologii medycynie
1 ochronie Srodowiska, Wydawnictwo Naukowe PWN, Warszawa 2013, 115.

[4] C.Hirt, S.Claessens, T.Fecher, M.Kuhn, R.Pail, New ultrahigh-resolution pic-
ture of Farth’s gravity field, Geophysical Research Letters 40 (2013), 4279-4283,
DOI:10.1002/grl.50838.

[5] M. Barlik, A.Pachura, Geodezja fizyczna i grawimetria geodezyjna, teoria i praktyka,
Oficyna Wydawnicza Politechniki Warszawskiej, Warszawa 2007, 295.

[6] Rozporzadzenie Ministra Administracji i Cyfryzacji z dnia 14 lutego 2012 r. w sprawie
osnéw geodezyjnych, grawimetrycznych i magnetycznych, (Dz. of 2012, item 352).

[7] E. Osada, Geodezyjne uktady odniesienia, Wydawca UxLan, Wroctaw 2016, 450.

8] E. Osada, K. Siudziniski, A. Drag, H. Gralak, K. Sirgga, G. Kurpinski, M. Seta, Proce-
dura optymalnego planowania i wykonywania pomiary aktualizacyjnego szczegotowych
osnow wysokosciowych przeliczonych z uktadu PL-KRONS86-NH do uktadu PL-
EVRF2007-NH continued, Przeglad Geodezyjny, Rocz. XC, 1 (2018), 14-19.

[9] M. Trojanowicz, E.Osada, K.Karsznia, Precise local quasigeoid modeling using
GNSS/leveling height anomalies and gravity data, Survey Review (2018) DOLI:
10.1080,/00396265.2018.1525981.

[10] Z.Fajklewicz, Grawimetria stosowana, Wydawnictwa Akademii Gérniczo-Hutniczej,
Krakéw 2007, 226.

[11] M.Barlik, Pomiary grawimetryczne w geodezji, Oficyna Wydawnicza Politechniki
Warszawskiej, Warszawa 2001, 116.

[12] W.R.Colin, I.K.Kulikov, Gravitational tomography technique for determining
a mass distribution, WO /2008/40498, https://www.patentscope.wipo.int, (access:
12.06 2019).



Gravitational tomography as the inverse problem in field theory 127

Chair of Informatics

University of Lédz

Pomorska 149/153, PL-90-236 L4d7
Poland

E-mail: stanislaw.bednarek@uni.lodz.pl

Presented by Julian Lawrynowicz at the Session of the Mathematical-Physical Com-
mission of the L6dz Society of Sciences and Arts on January 15, 2019.

TOMOGRAFIA GRAWITACYJNA JAKO PROBLEM ODWROTNY
W TEORII POLA

Streszczenie

Na wstepie artykulu opisano, na czym polega problem prosty i odwrotny w teorii
pola oraz wyjasniono znaczenie terminu tomografia. Podano tez przyklady zastosowania
tomografii grawitacyjnej i jej znaczenie w naukach o Ziemi. Gléwnym celem artykutu jest
przedstawienie dwéch praktycznych procedur obliczeniowych, przeznaczonych do wyznacza-
nia rozkladu przestrzennego gestosci w obiektach o kulisto-symetrycznym rozkladzie masy.
W pierwszej procedurze obiekt jest dzielony na wspélérodkowe sfery o réwnej grubosci.
W drugiej procedurze nastepuje podzial obiektu na wspdtérodkowe sfery o réwnej objetosci,
co daje doktadniejsza informacje o rozkladzie gestosci w zewnetrznych warstwach obiektu.
Wartosci gestosci sa otrzymywane w wyniku rozwiazania ukladu réwnan liniowych, do
ktérego zostaly wprowadzone wyniki pomiaréw przyspieszenia sily cigzkosci, wykonane
grawimetrem na zewnatrz obiektu.

Stowa kluczowe: grawitacja, tomografia, przyspieszenie, rozkltad przestrzenny, gestosé, obli-

czanie






